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Foreword to First Edition

This book contains an exposition of the results of William Thurston in
the theory of surfaces (measured foliations, natural compactification of Te-
ichmiiller space, and classification of surface diffeomorphisms). Our scope is
essentially that outlined in the research announcements of Thurston, and in
the notes of his Princeton course, as written up by M. Handel and W. Floyd.

A part of this work, notably the classification of curves and of measured
foliations, is an elaboration of expositions made in the Seminaire d’Orsay in
1976-1977. But we were not able to write the proofs for the remaining por-
tions of the theory until much later. In the Spring of 1978, at Plans-Sur-Bex,
Thurston explained to us how to see the projectification of the space of mea-
sured foliations as the boundary of Teichmiiller space.

The first exposé enumerates the principal results, the proofs of which fol-
low in exposés 2 through 13. The last two exposés present work somewhat
marginal to the theme of the classification of surface diffeomorphisms. Ex-
posé 14 (orally presented by D. Fried and D. Sullivan) discusses nonsingular
closed 1-forms on 3-dimensional manifolds, following Thurston, in particu-
lar on the fibres on S! for which the monodromy diffeomorphism is pseudo-
Anosov. Exposé 15 (orally given by A. Marin) gives a finite presentation of
the mapping class group following Hatcher and Thurston.

The seminar consisted also of exposés of an analytical nature (holomor-
phic quadratic differentials, quasi-conformal mappings) given by W. Abikoff,
L. Bers, and J. Hubbard. In the end, the two points of view were found to be
more independent of each other than was initially believed. The analytic point
of view is the subject of a separate text written by W. Abikoff (see [Abi72]).

We thank all of the active participants in the seminar; all have contributed
assistance in various sections. A. Douady, who, after the oral presentations,
helped us to capture the content of the lectures; M. Shub, who discussed with
us the ergodic point of view; D. Sullivan, who besides giving much advice
and encouragement, strove to make us understand how the image of a curve
under iteration of a pseudo-Anosov diffeomorphism “finishes” the foliation
of the surface. (It took many more months to fully understand this “mixing”.)

Finally, we thank Mme. B. Barbichou and S. Berberi for the care which
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they took in typing the manuscript and producing the illustrations.

Translator’s notes

I would like to thank Dale Rolfsen, for providing support, encouragement
and many fruitful discussions, the Mathematics departments at Berkeley and
McGill, for providing library and computer facilities during visits in 1990 and
1996 respectively, and Elisabeth Kim, who read early drafts of some of the
chapters and provided corrections and helpful suggestions.

This book was typeset using a modified I£TEX 2¢ report style. Most figures
were produced using Xfi g, free software written by Supoj Sutanthavibul,
Ken Yap, Brian Smith, and Micah Beck, among others. The resulting figures
were converted into encapsulated PostScript using t r ansf i g and then fur-
ther post-processed. The drafts were printed using dvi ps.

Thanks to: Mary Ann Lacey, Ronald Ferguson, Kevin Pilgrim, Jonathan
Walden, Frances Fry, Bill Casselman, Curt McMullen.

Djun Kim,
Vancouver, B.C.
djun@math.ubc.ca
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Abstract

This book is a an exposition of Thurston’s theory of surfaces (measured
foliations, compactification of Teichmiiller space and classifications of diffeo-
morphisms).

The mathematical content is roughly the following.

For a surface M (let’s say closed, orientable, of genus g > 1), one defines
S as the set of isotopy classes of simple closed curves in M. For o, € S,
one denotes by i(«, ) the minimum number of geometric intersection points
of o with ', where o' (resp. #') is a simple curve in the class « (resp. ).
This induces a map i,: S—>< which turns out to be injective. In fact, if one
projectivizes RS \ 0, 4, induces an injection i,: S i>(]R§r) which endows &
with a nontrivial topology. Here RS is provided with the weak topology ( =
product topology). Two curves a,8 € S are “near to each other” in P(RY)
if, up to a multiple, they are made up of more or less the same strands going
more or less the same direction. This has nothing to do with homotopy theory.

The limits of curves are naturally interpreted as projective classes of “mea-
sured foliations”, which means foliations with an “invariant” transverse dis-
tance, having a certain kinds of singularities (well-known in the theory of
quadratic differentials, or in smectic liquid crystals). The space of measured
foliations considered in R‘fr (or in P(]Rﬁ)) is denoted by MF (resp. PMF).
One shows that:

MF ~R%°  PMF ~ 8%

In P(RS), PMF and the Teichmiiller space 7 (M) glue together into a 6g — 6
dimensional disk:

T(M)=T(M)UPMF(M) = D575,

The group Diff (M) acts continuously on this compactification of 7 (this is
hence “a natural compactification”).

Hence any ¢ € Diff(M) has a fixed point in 7(M) (Brouwer) and the
analysis of this fixed point shows that (up to isotopy) each ¢ is either a hy-
perbolic isometry, or “Anosov-like” (the word is “pseudo-Anosov”), or else
“reducible”.
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Pseudo-Anosov diffeomorphisms minimize the topological entropy in their}
isotopy class. Also two pseudo-Anosov’s which are isotopic are actually con-
jugate.

Every diffeomorphism ¢: M — M has a (finite) spectrum defined in terms
of the length of ¢"«/ raised to the power 1/n. A pseudo-Anosov is character-
ized by the fact that the spectrum is reduced to a single value A > 1.

There is a good method to produce many pseudo-Anosov’s out of combi-
nations of Dehn twists which is explained in exposé 13.

The last two chapters are of a somewhat different character: exposé 14 is
about closed non-singular 1-forms on 3-manifolds, and exposé 15 about the
Hatcher-Thurston theorem on finite presentability of moDiff (M).



Chapter 1

Collected theorems of Thurston on Surfaces

by V. Poénaru

1.1 Introduction

Thurston’s theory ([Thu67], see also [Thu], [Poen78]) is concerned with the
following three questions:

I. Describe “all” closed curves without a double point (not
necessarily connected) on a surface, up to isotopy.
II. Describe “all” diffeomorphisms of a surface, up to isotopy.
III. Give a natural (with respect to the action of diffeomor-
phisms) boundary for Teichmiiller space.

For a closed surface, there always exists a Riemannian metric of constant
curvature [Gau27]. The table below (Table 1.1) summarizes the possibilities
and at the same time establishes a parallel between the geometric and the
topological properties.

Most of Thurston’s theorems hold for any compact surface, but in the fol-
lowing, we restrict ourselves to orientable surfaces which are closed, or which
have non-empty boundary.

1.2 The space S of curves

Let M be a compact, connected, orientable surface. We write S(M) = S for
the set of isotopy classes of simple, closed, connected curves of M which are
not homotopic to zero or homotopic to a boundary component of M.
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X (Euler
Surface: K (curvature): characteristic): Remarks:
K=1
52, RP? (Elliptic geometry) x>0 71 is finite, o # 0.
K=0
1% K? (Euclidean
(Klein bottle) geometry) x=0 These are K (m,1)’s and
their universal covering
K — 1 space is R2.
(Hyperbolic
genus > 1 geometry) x <0

Table 1.1: The three possible geometries on surfaces.

Remarks.

(1) The elements of S are not oriented.

(2) Since two simple closed curves which are homotopic are also isotopic
[Eps66a], we may replace “isotopy classes” in the above definition with “ho-
motopy classes”.

Consider the symmetric map
i:Sx8S—zt={0,1,2,...}

defined in the following fashion: i(«, 3) is the minimum number of intersec-
geometric intersection - t10NS Of @ representative for a with a representative for /5. This is the geometric

number

intersection number (as opposed to the algebraic intersection number).

algebraic intersection
number

Example. On the torus T2, we choose two oriented generators z and y. Then
all elements of S may be represented by y(a, b) = ax + by, where a,b € Z and
(a,b) = 1;in S, we have y(a, b) = y(—a, —b). The following formula is easy to
verify:

i (7(a7 b)7 ’Y(C? d)) =

Lemma 1.1
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(1.)Ifa € S, thereisa B € S such that i(c, 5) # 0.
(2)Ifay # azin S, thereisa 5 € S such that i(ay, B) = 0 # i(ag, B).

The proof is given in chapter 2.3.

1.2.1 The space of functionals.

We may consider the set RS of functions from S to the non-negative reals,
with the weak topology. The usual multiplication by the positive reals de-
fines rays in RS . The set of these is the projective space P(RY); it is given the
quotient topology. We have the natural mappings

SRS\ 05 P(RS)
where i, is defined by i.(a)(8) = i(, 8). By (1) of lemma 1.1, i.(S) does not
contain 0; (2) assures the injectivity of 7 o i,.

Consider the completion of S, denoted S, which is the closure of 7 o i, (S)
in P(RS). The elements of S are represented by sequences {(t,,an)}, tn, >
0, a, € S, such that for all § in S, the sequence of real numbers ¢,i(ay,, ()
converges.

Thus, within P(RS), the set S is topologically non-trivial. Intuitively, we
may give a meaning to the notion “two curves v, are close to each other”.
This ‘proximity” has nothing to do with the respective homotopy classes of the
curves, but with the fact that, up to a multiple, in every region of the surface,
v and +' are more-or-less made up of the same number of strands, going in
more-or-less the same direction. All of this will be discussed in greater detail
in Chapter 3.4.

We need to introduce also the space S’ of isotopy classes of simple, closed,
not necessarily connected curves on M, whose every component “belongs” to
S. But two distinct components of the same curve are allowed to be isotopic
to each other, so that we may consider a scalar multiplication: for an integer
n > 0and vy € §', nvy is represented by n parallel curves.

As before, we define i: 8’ x § — Z,, and obtain the diagram

xS S
S R\ 0 P(RS)
Clearly, i, respects multiplication by scalars, hence i, is not injective on S'.

But one may easily show that 7i, admits S as closure (see Chapter 3.4). In the
following, we denote by R x S the cone on i.(S) in RS .

rays
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o,

Figure 1.1: p-saddles, for p = 3, p = 4.

Theorem 1.2 If M is a closed orientable surface of genus g > 1, then S is homeo-
morphic to S%9=7. (This is proved in chapter 3.4.)

Let M, := 7‘2&(31 x S1) — %JDQ. If x(M2,) < 0, then S(M_,) is homeo-
morphic with S%9120=7 (see Chapter 10.6). Lastly, S(T?) ~ S', S(D?) = S(S?) =

St x[0,1] = 0.

1.3 Measured Foliations

measured foliation For simplicity, M will be closed. A measured foliation on M is a foliation F
with singularities (of the type of a holomorphic quadratic differential 22 ~2dz%, p =}
3,4,...) together with a transverse measure invariant under holonomy. In the
neighbourhood of a non-singular point, there exists a chart ¢: U — ]Ri,y such
that ! (y = constant) consists of the leaves of F|U. If U; N U, is non-empty,
there exist transition functions ¢;; of the form

ij(z,y) = (hij (2, y), cij £ y)
where ¢;; is a constant. In this chart, the transverse measure is given by |dy|.

Remark. The foliations which admit transition functions of the form (f(z, y), c+|
y) are those which are defined by a closed 1-form w; away from singularities,
y is a local primitive for w.

The singularities of F are p-saddles (p > 3) as in figure 1.1.
total variation If v is a simple closed curve on M, we call f7 F the total variation of the
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Figure 1.2:

coordinate y of p € 7y as p traverses . For a € S, define

I(F,a) = inf/]-'.
2

YEQ

One says that 7| and F; are equivalent in the sense of Whitehead if the
one may be transformed to the other by isotopies and elementary deforma-
tions of the type suggested by figure 1.2.

(Observe that these deformations permit the transport of the transverse
measure.) Denote by MF the set of equivalence classes. Define

L: MF = RS

by

L(F)(e) = I(F, ).
One says that F; and F; are m-equivalent (or equivalent in the sense of
Schwartz) if I.(F) = I.(F2). Schwartz equivalence is an immediate conse-
quence of Whitehead equivalence.

Theorem 1.3 The map I, injects MF into RS; L(MF) U0 = Ry x S, and if
g > 1, this set is homeomorphic with R®=9. In particular, Schwartz equivalence is
the same thing as Whitehead equivalence.

The proof of this theorem is dealt with in chapters 4.3 and 5.3.2. On the
other hand, since I, (MF) misses 0, the theorem says that in P(R$) we have
S = mo I,(MJF). This gives a nice geometric representation of the functionals
inRy x S.

equivalent in the sense
of Whitehead

m-equivalent

equivalent in the sense
of Schwartz
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1.4 Teichmiiller Space

We will consider a surface M with x(M) < 0. Consider the space H of all met-
rics on M with constant curvature K = —1, such that every component of the
boundary of M is a geodesic. Let Diff’(M) be the group of diffeomorphisms
isotopic to the identity, with the C'"™° topology. As we shall see later, this acts
freely and continuously on #. The orbit space under this action, equipped
with the quotient topology, we will call the Teichmiiller space 7 (M) = 7. If
M is orientable, there is another definition in terms of complex structures on
M . The equivalence of the two definitions is a consequence of the uniformiza-
tion theorem [Wey55].
Remarks. Consider a fixed M, together with another surface X, = X with
a hyperbolic metric p. If ¢: M — X is a diffeomorphism, the pair (X, ¢) is
called a Teichmiiller surface.

Two Teichmiiller surfaces (X, ¢), (X', ¢') are said to be equivalent if there
is an isometry f: X — X' such that ¢ and f o ¢’ are isotopic.

It is convenient to identify the points of 7" with equivalence classes of
Teichmdiller surfaces.

We remark here that two diffeomorphisms of M are homotopic if and only
if they are isotopic (see [Eps66a]).

If M is closed, of genus g > 1, a classical theorem of Teichmiiller theory
asserts that

T (M) ~ R%6,

This result, due to Fricke and Klein, will be re-proved in chapter 6.
Further, we have
T(M2,) ~ RO+

Forall @ € T and o € S, we define

£(6,0) = inf (0(7)

where 6(7y) designates the length of ¥ computed in the metric prescribed up
to isotopy on M.

The metric being fixed, the infimum is attained for a unique geodesic.
From the above formula, we obtain the map

Z*:T%Ri
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It can be easily seen that the image of the map misses I.(MJF) U 0. The group
mo(Diff (M)) acts on Teichmiiller space as it does on S, thus on RS ; the map £,
is clearly equivariant.

In chapter 6, we prove the theorem below.

Theorem 1.4 The map £, is a homeomorphism onto its image.

It is thus possible to put a natural topology on 7 U S; by the above, we
consider the topological space £.(7) U I.(MF), in which the rays in I, (MF)
are identified to points, taken with the quotient topology.

In chapter 7, we prove (for the case where M has no boundary) the fol-
lowing;:

Theorem 1.5

1. The topological space T U S is homeomorphic to D%9=C, if M is closed, of
genus g > 1; it is homeomorphic to D%9=9%2% if M has Euler characteristic < 0 and
b boundary components.

2. The canonical map T U S — P(RS) is an immersion.

The space T US, notated T, is the Thurston compactification of the Teich-
miiller space. It follows immediately from the definitions that for any diffeo-
morphism ¢ of M, the natural action of ¢ on T is continuous.

If ¢ is a diffeomorphism of M, and [¢] designates the homeomorphism
induced by ¢ on T, then [¢] has a fixed point, by Brouwer’s theorem.

(i) If [¢] has a fixed point in 7, then ¢ is isotopic to an isometry ¢’ in a
hyperbolic metric; in particular, ¢’ is periodic.

(ii) If [¢] fixes a point in S, there is a foliation F such that ¢(F) is White-
head equivalent to AF, A € R, where AF has the same underlying foliation
as F, with a transverse measure ) times that for F.

This cursory analysis will be made more precise in what follows.

1.5 Pseudo-Anosov Diffeomorphisms

We begin with a very elementary example. Let ¢ € Diff . (1?). Up to isotopy,
¢ is in SLy(Z). There are three distinct possibilities for the eigenvalues \; and
Az of ¢, as follows:

Thurston compactifi-
cation
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(@) A1 and Ag are complex, \; = A2, A1 # A2, [M1] = |A2| = 1. In this case, ¢
is of finite order.
(b) A1 = A2 = 1; respectively, \; = A\ = —1. Up to a change of coordinates,

1 a . 1 —a
d)—(o 1), respectively, (;S—(O . ),

Dehn twist that is, ¢ is a “Dehn twist”. In either case, ¢ leaves invariant a simple curve.
Anosov (c) A1 and \; are distinct irrationals. Then ¢ is an Anosov diffeomorphism.
This analysis is generalized by Thurston to any compact surface.

Theorem 1.6 Any diffeomorphism ¢ on M is isotopic to a diffeomorphism ¢ satis-
fying one of the following three conditions:

(i) ¢' fixes an element of T and is of finite order.

(ii) ¢' is “reducible”, in the sense that it preserves a simple curve (representing an
element of S'); in this case, one pursues the analysis of ¢' by cutting M open
along this curve.

(iii) There exists X > 1 and two transverse measured foliations F° and FY such
that

These equalities indicate that the underlying foliations are equal.

Apart from the obvious case, namely when F* and FU are transverse, this
says that their singularities are the same, and there exists a neighbourhood of
each singularity which is analogous to that in Figure 1.3. A diffeomorphism

pseudo-Anosov which satisfies condition (iii) is called pseudo-Anosov.

Theorem 1.6 is proved in chapter 8. In order to later use this theorem for an
efficient induction, we need to extend the theory to the case with boundary.
This is realized in chapter 10.6.

In chapter 11, we show that, for a pseudo-Anosov ¢, F* and FU represent
the only fixed points of [¢] in 7, and the two pseudo-Anosov homotopies are
conjugate by a diffeomorphism isotopic to the identity.



May 30, 2002 (FLP — Exposé 1: Draft — RCSversion 1.5) 9

Figure 1.3: Pseudo-Anosov Singularities

The key to these theorems is the following “mixing” property which the
pseudo-Anosov diffeomorphism ¢ possesses: for all o, 8 € S,
> n
tim 4000 _ g5 ay1(#Y, p)

n—o00 A7

1.5.1 Spectral properties of pseudo-Anosov diffeomorphisms.

For# € T and a € S, we defined in section 1.4 the positive number ¢(0, o).
Diffeomorphisms take proper values in the following sense:

Theorem 1.7 Let ¢ € Diff(M?). There exists a finite family of algebraic integers
Aly-.-s Ak > 1 such that, for every o € S, there exists \; satisfying: forall 6 € T,
limy, 00 £(6, ")/™ = \;. Furthermore, ¢ is pseudo-Anosov if and only if k = 1
and Ay > 1; in this case \y = . (See chapters 8 and 10.6).

1.5.2 Entropy.

On a compact metric space X with a continuous map f: X — X, we may

define the topological entropy. (See chapter 9.5). If ¢ is a pseudo-Anosov  topological entropy
diffeomorphism, one proves that h(¢) = log(\). Moreover, ¢ possesses an

obvious invariant measure and h(¢) is its metric entropy [Sin76b]. metric entropy

Theorem 1.8 A pseudo-Anosov diffeomorphism minimizes the topological entropy
in its isotopy class.
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~DY

Figure 1.4: The torus 7"

The list of Thurston’s results is much longer, but we end this overview
here to come to the heart of the matter.

1.6 The case of the torus 77

This case is particularly simple and is treated separately. On the torus 772,
consider the three elements ey, €9, e3 in S(T?), shown in figure 1.4. Let these
be provisionally oriented.

Let 21 and x5 be the canonical generators e; and e; given the orientations
shown in figure 1.4.

If y is a simple oriented curve, v = mz; + nxy, we find

iler,y) = Inl, ilez,7) = |ml, i(es,y) = [n —m]|.

These three numbers determine -y in S, but the first two are not sufficient.
They form a “degenerate triangle”, in the sense that any one of them is equal
to the sum of the other two.

We now consider the standard simplex with barycentric coordinates X,
Xy, X3, (where X; > 0, > X; = 1). This decomposes into the four regions
indicated in figure 1.5.

Let (< V) be the domain where the triangle inequality holds; the bound-
ary 0(< V) corresponds to degenerate triangles. The standard simplex being
regarded in R3, by cone(d(< V)) we mean the cone in the half-line from the
center 0 supported on 9(< V).
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X1
inequalities X1 > Xo+ X35
. Xo > XN\ X3 X3 > X1+ Xo
RN
X3
Figure 1.5:

For every v € §, we associate the numbers

i(ej,7)
PIUCTIN
a simple calculation shows that we can thus identify with S the set of rational
points of 9(< V).

Tj = j=1,2,3;

Lemma 1.9 Let 5 € S. There exists a continuous function
®g: cone(0(< V)) = Ry,

homogeneous of degree 1 (for multiplication by positive scalars), such that, for all
acsS,
Z-(O[, /B) N (I)ﬂ (Z-(O[, 61), Z-(O[, 62)7 i(Oé, 62)) :

Proof. We give an explicit construction. Suppose that g is represented by
mz1+nze, n,m € Z, (m,n) = 1. (The only ambiguity in this is that —mz; —nzs
also corresponds to .) On the surface of the cone X3 = X; + X5, we have

m n
Xy X
m n

@,B(XlaX27X3) =

On the other two faces, we have

@,B(XlaX2aX3) =
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At the intersection of these faces, these formulas show that ®3 has the stated
property. |

Remark. ®4 is piecewise linear, a property which we may recover from the
other “explicit” formulas of the theory.

Consider now a sequence (A, ) with A\, € Ry, o, € S, such that, for
all 8 € S, the sequence \i(ay,, ) converges. Denote by lim(\,, o) the func-
tional

lm(A,, o) (B) := lim A\yi(ay, B).

Since @4 is homogeneous, we have

lim(A,, o) (B) = @g(lim(Ay, ay)(er), im( Ay, oy )(e2), im( Ay, ) (e3)).

This implies that the bijection of Ry x S, regarded as part of RY, onto the
rational rays of cone(9(< V)) prolongs to a homogeneous homomorphism:

Ry x S ~ cone(9(< V)) ~ R?

Thus, in P(RS), we have S ~ S

Consider a measured foliation F on 7. One can show that F has no sin-
gularities and that it is transversely orientable (this is a consequence of a sim-
ple Euler-Poincaréformula); with this measured foliation we identify a closed
non-singular 1-form. This form is then isotopic to a unique linear form (a 1-
form with constant coefficients in the canonical coordinates on 72) [Ste69].

If w is linear, every curve v = mx; + nz; is transverse to w, or else con-
tained in a leaf; thus

/ w
v

w is determined up to sign by I(w,e;), I(w,e2) I(w,e2). Lemma 1.10 is now

2
= I(w,7);

clear:

Lemma 1.10 Let F be a measured foliation on T?. Then:

1. I(F,e1), I(F,e2), I(F,e3) form a degenerate triangle.
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2. IfB €S, then
I(fa/B) :(I)ﬁ(I(f,61),[(7,62),.[(?,63)),
where ® 3 is the function of lemma 1.9.

The first point is clear from figure 1.6

S
&
il
I(f,@:;): I(f,eg): I(]:,el):
I(F,e1) + I(F,e2) I(F,e1) + I(F,es3) I(F,ex)+1(F,e3)

Figure 1.6: Proof of lemma 1.10—(1)

As a consequence, in P(RY), we have nI,(MF) = S.

In section 1.4, we defined the Teichmiiller space in the context of x < 0.
For T2, one may give an analogous definition, by considering the flat metric
(K = 0) such that the area of 72 = 1. (This normalization condition is useless
in the hyperbolic case, where the form of an object determines its volume.)

Remark 1. Instead of this normalization, one may work with a metric which
is flat up to a positive scalar.

On the other hand, if T? is given a complex structure, its universal cover-
ing T is isomorphic to C and the group of automorphisms of C, z — az + (3,
o, B € C, coincides with the group of orientation preserving maps of R? pre-
serving the euclidean metric up to a scalar. From this, one easily deduces the
equivalence of our definition of 7" with the classical definition: “the set of
complex marked structures on 7, up to isotopy.”

Remark 2. A flat structure on T has an underlying affine structure. If we fix
two generators e, ez, for m (T?), the affine structure underlying the metric p
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is determined in the following way: all given geodesics of the class of e; are
parallel closed geodesics; thus the numbers

/
dist(%)/dist(%) € Ry
correspond to three geodesics of the system e;. It is easy to see that all their
affine structures on T2 are isotopic to each other. Thus we may always repre-
sent an element of 7 by a flat metric p whose underlying affine structure is
the canonical structure (this choice will always be made in the following.) In
other words, the usual straight lines are the geodesics for p.
To p € T, we may associate (X1, X2, X3), X; = p(ej)/>_; plex), where
p(e;) is the length of the geodesic e; in the metric p.

Lemma 1.11 The map above is a homeomorphism T — int(< V).

Proof. It is clear that (X, X5, X3) satisfy the triangle inequality(s). Let A be a
triangle in R?; every assignment of lengths to the sides satisfying the triangle
inequality determines on R? a flat metric compatible with the affine structure;
this is invariant under the group of translations, hence induces a metric on T2,
This shows surjectivity. For injectivity, we note that two flat metrics with stan-
dard affine structures giving the same lengths to the sides of A are identical.
The topology is left for the reader.
In other words, the composition

L 8 Proj. —(e1,e2,e3)
T — R 2=V RY

is a homeomorphism of 7" onto its image. To see that /, is a homeomorphism
onto its image, note that the length of a given line segment depends continu-

ously on the lengths assigned to eq, ez, e3 (classical trigonometry!)
We have:
LA(T) (L MF) =10

Indeed, if w is a differential form, there exists a sequence =y, of simple closed

curves such that f7 w — 0;if o, denotes the class of 7, in S, we have I, (w)(ay,) —)I

0, while for a given metric the lengths of the closed geodesics do not approach
Zero. 1

To prove the analogue of theorem 1.4 for the torus 7%, it remains to prove
the following lemma.
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Figure 1.7:

Lemma 1.12 Let p,, be a sequence of flat metrics (normalized to the canonical affine
structure), A, a sequence of positive reals, and w a linear form. Suppose that, for
j=12,3,
Anpnl(ej) = / w
e

J

Then for all closed geodesics c,

Anpn (@) — /a w

Proof.

Let p/, denote the metric A, p,. We treat the case where w is on the face
X3 = X1 + X of cone(9(< V)) (figure 1.7) and [, w # 0 fori = 1,2.

Orient e, = 1,2, 3, so that fej w > 0. Now let 0,, be the magnitude of the
angle between e; and ey in the metric pf,.

We have

[oh(e3)]” = [on(e)]” + [Ph(e2)]” + 20}, (e1) P}y (e2) cos b
The hypothesis then implies that cos §,, tends to 1. If « is a linear segment,

o = aie + ases, a1, as € R, we have

/

(@] = @310l (e1)]? + a3l (e2)]? + 2a1asply (e1) ) (e2) cos b

o o e [ - [

Thus,
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On T? the analysis of theorem 1.6 is trivial. Theorem 1.7 reduces in the
case of the torus to a spectral property well known in linear algebra. |



Chapter 2

Some highlights of the theory of surface
diffeomorphisms

2.1 The space of functionals

Let M? be a compact, connected manifold of dimension 2. I will consider the
group of diffeomorphisms of M?, denoted by Diff(M?). If A C M?, I will
denote by G(M, A) the space of homotopy equivalences M RN, , such that
f|A = id, with the topology of uniform convergence.

Theorem 2.1 (Smale) Diff(D?, rel 9D?) is contractible ( Diff (D?,rel 0D?) ~ ).
For a proof, see [Cer68], [Sma59].

Theorem 2.2 See [Cer68]. The following natural inclusions are homotopy equiva-
lences:

O(3) = Diff §? — G(S?)
SO(3) — Diff P? — G(P?)

In the usual situation, M is a K (7, 1); consider x € M and the fibration

G(M,x) — G(M)

lev(*)

M

By standard methods of obstruction theory, one proves the following theo-
rem:

17
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Theorem 2.3

Aut(m (M, %)) ifi=0,
MG(M,*>:{ (m(a,2) 50

Therefore, the exact homotopy sequence of our fibration reduces to
1 = mG(M) = mM-2Aut(m M) — mG(M) — 1

One verifies without difficulty the following facts:

1) If z € 1 M, then O(z) is the inner automorphism corresponding to z.

2) mG(M) is the center of m; M. This group is trivial except in the follow-
ing exceptional cases: the torus, 71 G(T?) = Z& Z; the Klein bottle: m G(K?) =
Z.

3) moG (M) = Aut(M)/the group of inner automorphisms.

2.2 The Braid groups and their computation
(See [Bir75] for more details)

Let X be a topological space, n a positive integer and P,(X) := X" \ A,
where A is the “big diagonal” of X", which is the set of n-tuples (z1,...,z,)
of points of X, such that for some i # j, z; = ;. The symmetric group Sym(n)
acts freely on P,,(X) and by definition, B, (X) := P,(X)/Sym(n). One thus
has a Galois (regular) covering

Sym(n) — P,(X)

By definition, 7, P,,(X) := the group of colored n-braids of X, and m; B, (X)
is the group of n-braids of X.
Henceforth, X = R?, and we write

m P, (R*) = P, the colored n-braid group
7B, (R?*) = B,, the pure n-braid group
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Figure 2.1: A element of B,,.

We have an obvious exact sequence:
1 — P, — B, = Sym(n) = L.

An element of B, may be represented in the following manner: fix once and
for all a set of n distinct points z1,...,z, in int D2. Then the element of B,
is a system of arcs of D? x I, going from (z1,...,%;) X 0to (x1,...,7,) X 1,
transverse to every horizontal slice D? x t. The arcs do not meet 9D? x I,
and the whole is defined up to isotopy (leaving invariant the boundary of the
cylinder and respecting the projection D? x I — I).

With this representation, the law of composition in B, is the same as for
cobordisms and the colored braids are those for which the arc leaving z; x 0
arrives at z; x 1. Figure 2.1 represents an element of B,,.

Theorem 2.4 (Fadell-Neuwirth) The map P,(R?) — P, _1(R?) which “forgets”
&y, s a fibration with fibre R™ \ (n — 1)points.

Corollary 2.5

Remark. The theorem of Fadell-Neuwirth gives us a split short exact sequence

1—-F,1—>PFP,—PFP,_1—1
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and P, is determined by P,,_; and the action of the free group F;,_;.

We will now give a presentation of the group B,,. In R?, consider the coor-
dinates (7, y), and for p = (p1,...,p,) € B,(R?) arrange the indices so that

z(p1) < x(p2) < --- < z(pp)-

By definition, M; C B, (R?) is the set of p’s such that z(p;) = z,_1), such as in
figure 2.2.

Figure 2.2: Transverse orientation of M; \ |J M;
J#
Note the following choices:
(1) M; \ U M; is a sub-manifold of codimension 1 of B, (R?) given the
J#i

canonical transverse orientation, defined as in figure 2.2. If the notation is
such that y(pi+1) > y(pi), a displacement of p;1, along the positive normal,
pushes p;;1 so far that z(p;y1) > z(p;).

(2) M; \ |J M; is connected.
J#i
(3) Bu(R?) \ U M; is contractible.

)
These remarks imply that the simple loops a;, based in B,,(R?) \ U M; and

such that a; crosses M; exactly once (and does not cross any other ;tratum),
in the positive direction, generate B,,. One may find the relations among the
a; by considering what happens in a neighbourhood of the strata of codimen-
sion 2, where M; and M;; meet.

Case 1. |i — j| > 2. At the level of R?, a point of M; N M; is as in figure 2.3.
One may move independently along the dashed horizontal arrows, which
give us a small square, transverse to M;NM; in B, (R?), as shown in figure 2.4.



May 30, 2002 (FLP — Exposé 2: Draft - RCSversion 1.6) 21

We give the proper orientation to the strata M;, M;. This gives us the relation

;a5 = GjQ4.
pi+]. F}+1
——————— - ———— - — —
P P

Figure 2.3: Figure 2.4:

Figure 2.5: Figure 2.6:

Case 2. |i — j| = 1. At the level of R?, we have figure 2.5, and at the level
of B, (R?), figure 2.6. From these we may read off the relation:

A;Q54-105 = Q541050541
We therefore have the following theorem:
Theorem 2.6 (E. Artin) B,, admits generators ai,as, ..., an—1 and relations

lai,ai] =1 (]i —j| > 1)

G107 = Qg1 Q0541

Corollary 2.7 B3 = 71 (S? \ the trefoil knot).
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[The explanation of this “coincidence” is this: B, (R?) may be identified
with the set of complex monic polynomials of degree n, having distinct roots.
Thus By, = m1(C"\ the discriminant locus ) ...].

The generator a; is the following braid:

WAl

i i+l m

and the relation a;a;+1a; = a;+1¢ia; | mpy be visualized as follows:

i i41 i i+1i+2

/

(

A i+10G4 Ai+10;07+1
In particular, By ~ Z and the generator a; is

)
/

Similarly, P, =~ Z is generated by

)

(

and the natural inclusion P, — B3 is multiplication by 2: z>3%1.
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2.3 Diffeomorphisms of the two holed disk:
The spaces A(P?), A'(P?)

Let K C int D? be a finite set of cardinality k. We introduce the following
notation:
Diff(D?, rel(K, 0)) :=
{diffeomorphisms D?>—+D?, such that p|K UdD? = id},
Diff(D?, K, rel 9) :=
{diffeomorphisms D2i>D2, such that ¢(K) = K,v|D?* = id}.

We have a natural action of Diff(D?, reld) on By (int D?), and on Py (int D?),
which furnishes us with two fibrations:

Diff(D?, K, rel 9) — Diff(D?, rel 8) — By (int D?)
and

Diff(D?, rel(K, 0)) < Diff(D?, rel 9) — Py(int D?)

Applying the theorem of Smale:
Diff(D?, rel ) ~ ,

we have the following corollary:
Corollary 2.8
1) Every connected component of Diff (D? rel(K, 9)), Diff (D?, K, reld) is contractible ]
2) We have the canonical isomorphisms

P, = mo(Diff(D?, rel(K, 9)))
By, = mo(Diff(D?, K, el 9))

We will now consider the manifold (with boundary) P? which is the “disk
with two holes”, or the “pair of pants” (see figure 2.7.)

Remark. Let
Diff(P?, 0y, 05, 1eld;) = {p € Diff(P?) : |0, P? = id, p(.P?) = 0,P?, p(03P?) = 0;P?} ]
Then Diff (P2, 8, 03, reld, ) is manifestly of the same homotopy type as Diff (D?, rel(K, 9))
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9 P2
1
3, P2
3.P?
3

Figure 2.7: The “pair of pants” P?

Proposition 2.9
mo(Diff (P%,1el 0)) = Z O Z & Z.

Proof.Consider the 1-jets of the diffeomorphisms, at two points of K. We ob-
tain a fibration:

Diff (P?,rel 0P?) — Diff(D?,rel(K, 9))
St x gt
with exact sequence
0 — m1(S' x §') — mo(Diff(P?,rel 0P?)) = Py — 0

One may verify that this sequence splits, that that extension is central, and
that the action of P on 71 (S* x S!) is trivial, which gives the stated result. ||

We now consider

Diff  (P?,0y, 02, 03) :=
{orientation preserving diffeomorphisms ¢: P? — P? such that p(9; P?) = 0;P%}.

Proposition 2.10 Diff, (P?,0;, 0y, 03) is contractible.
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Proof.By restricting an element ¢ € Diff  (P?, 9y, 02, 95) to 0, P? = 9D?, we
have a fibration:

Diff (P?, 0y, 05,1el 9,) — Diff, (P2,0,,s,03)

~~

pP? = K(Z, 0) lrestriction
Diff, S! = K(2,1)

One verifies also that the arrow
WlDiﬂ+Sli>W0(P2, 82, 83, rel 81) = P2
is an isomorphism, which gives the result. |

Now let N? be any compact surface, with non-empty boundary. Define
A(N?) := isotopy classes of arcs I C N?, with I C ON?, each end free to
move on the respective connected component of N?, and representing the
non-trivial elements of m; (N2, 9N?), and let

A'(N?) := {the same as above but with several pairwise disjoint arcs}.

Corollary 2.11 A(P?) consists of exactly six elements, classified by the connected
components of OP?, in which the ends of the respective arcs fall.

Proof.Let 7 and 7/ be two representatives of elements of A(P?) with ends in
the same connected component of 9P2. We may easily check that there is an
orientation preserving diffeomorphism

(P%,7)-%5 (P2, 7).

Since moDiff | (P2, 01, 82, 03) = 0, this diffeomorphism is isotopic to the iden-
tity, which gives the result. The six models are given in figure 2.8. |

Now let A’ be the set of ordered triples (a1, a2, ag), where a; > 0, a; € Z,
and Y, a; = 0 (mod 2). To 7 € A'(P?), associate

i(1) = (i(r,01),i(T, 0a),4(7,05)) € A’

where i(7,y) is the number of points 7 has in common with 7. For conve-
nience, we adjoin ) € A'(P?), with i() = (0,0, 0).
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POOO®

Figure 2.8: The six models for A(P?).

Theorem 2.12 The map A'(P?)—s A’ is a bijection.

Proof.We begin by constructing a map A’ A’(P?) such that i(7 (a1, az,a3)) =
(a1,a2,a3). If (a1, az, a3) # 0, then the point with barycentric coordinates

a1 a9 as

(g 52, S5
falls in one of the four regions of figure 2.9.
X1
a1 > as + as triangle inequalities
a9 Z/a + a3 as > ay; + as
T @)
\ K
X2 X3
Figure 2.9:

If (a1, a2, a3) satisfies the triangle inequalities, we consider the non-negativel]
integers
1

1 1
T1g 1= E(al +as —asz), xaz:i= 5(@2 +as—ay), x31:= 5(&3 + a1 — ag)

and we define 7 (a1, as, a3) to be the element of A'(P?) which consists of z;; =
xj; segments of the type 7;;, for i # j.



May 30, 2002 (FLP — Exposé 2: Draft - RCSversion 1.6) 27

Figure 2.10:

If a1 > a9 + a3, we set

1
x11 = §(a1 — a2 — aa), Z12 ‘= a2, X13:= a3,

and we define 7 (a1, a2, a3) as in figure 2.10.

The other cases are treated in a similar manner. One may verify that on
0(< V) the different definitions agree and that i o j is the identity. Thus i is
surjective.

We now observe that the compatible pairs of elements of A’(P?) are ex-
actly those which are joined by a segment in figure 2.11.

The four triangles in figure 2.11 correspond canonically with the four tri-
angles of figure 2.9. More precisely, let z, 3 be the number of segments of
type 74,5 which appear in 7 € A'(P?). We have the following four mutually
exclusive situations:

1) zq,q =0 for a = 1,2,3, which implies that i(7) € (< V).
2) z1; # 0, which implies that a; > a2 + as.

Suppose now that 7,7 € A'(P?) and that i(r1) = i(72). We have previ-
ously deduced that 7, and 7, are in the same one of the four situations de-
scribed above; by a calculation of linear algebra ............ which are (by defini-
tion) the same for 7; and 72, we conclude that the z, g are also the same. We
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Figure 2.11:

still have to prove that if 71, 7» € A’(P?) are such that for these z, 4 are equal,
then 71 = 7. The proof of the general case is an induction on Z 5T We
(0]

leave the details to the reader. We have thus proved that i is injective. |

Remark. Let 7 € A’(P?). There does not exist any non-trivial element of
moDiff (P2, 81, Do, 03, 7). In particular, for a given 7, one may not interchange
the different connected components of 7 among themselves.



Chapter 3

Highlights of Hyperbolic Geometry in
Dimension 2
and Generalitieson i: S xS — R,

by V. Poénaru
3.1 A Little Hyperbolic Geometry

Consider a compact surface M, with a riemannian metric of curvature —1,
for which the boundary is geodesic if it is non-empty. The universal covering
M is isometric to a domain in the hyperbolic plane H?, possibly bounded by
geodesics of HX.

Lemma 3.1 Let o and [3 be distinct geodesic arcs in M, with the same endpoints.
Then the closed curve o U 3 is not homotopic to zero.

Proof. If «U 3 is homotopic to zero, then it lifts to a closed curve in M. But two
geodesics in H? may not meet in two points. This property of H? results, for
example, in the Gauss-Bonnet formula: for a disk D with a riemannian metric
so that the boundary is a geodesic polygon, we have

/ / K =2m — Z exterior angles
c

where K denotes the curvature. 1
Lemma 3.2 Let V be a compact riemannian manifold with a totally geodesic bound-

ary. Then in every (free) homotopy class of maps S* — V there is a geodesic immer-
sion, having the minimum length of loops within its homotopy class.

29
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Proof.

We take a homotopy class a € [S!,V], and set L := Ne where € > 0, and
the integer N are chosen as follows: € should be smaller than the injectivity
radius of the exponential map, and N large enough so that a contains at least
a curve of length < L.

Let I(a, e, N) be the space of continuous maps S' — M in the class «,
composed of at least NV geodesic arcs of length < € each. This space, with the
compact-open topology, is compact. The length function y is continuous. Let
¢ be a curve which realizes the minimum length in I(«a, €, N). It is easy to
check that ¢ is in fact smooth (if 0V # 0, the hypothesis that 0V is totally
geodesic intervenes here.)

To see that the length of ¢ is a minimum for the class «, it suffices to remark
thatif C'is a rectifiable curve in , of length < L, there exists a curve belonging
to I(a, €, N) of length less than or equal to that of C. |

Remark. Without compactness, with only the hypothesis that the metric is
complete, one finds that all elements of 71 (V,z¢) are realizable by closed
geodesics which, in general, are not smooth in zy.

Lemma 3.3 For every covering transformation T of M over M, there exists a unique
geodesic invariant under T'. It is the lift of the closed smooth geodesic in M which is
in the free homotopy class e of w1 (M, o) corresponding to T'.

Proof.

Existence. Here is a proof which does not make use of the hypothesis on
curvature. We take as a model for M the set of continuous paths {¢: [0,1] —
M | ¢(0) = zo} quotiented by the relation ¢ ~ ¢ if ¢ is homotopic to 1 with
endpoints fixed. The projection p: M — Mis givenby ¢ — ¢(1). The constant
path defines the basepoint in M. Let P € M, p(¥) = y and let x be a path in
M such that x(0) = y; the lifts of x in M starting from 1 is a one parameter
family of paths in M, obtained by truncating the path 1  x; this family begins
with ¢ and ends with 1 x x. The left action of 7 (M, zy) on M is defined as
follows. For a € 71 (M, ), represented by a loop ¢, and for ¢ € M , we set
Ta (qﬁ) = P* ).

This being done, consider the element « for which 7" = 7|, By lemma 3.2,
the free homotopy class of o contains a smooth closed geodesic g;. Let x; be
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a point in the image of ¢g; and A a path joining z( to x;; this is chosen so that
A g1+ A~ ! belongs to a. If A gy is the lift of A * g; starting from the base point
of M, we have

—~——

Axgi(1) = Axgrx A1 = To(A(1)).

Then, if we take in M the image of )\/*\_g/l and all of its translates by Tyy», n € Z,
we construct a connected component of Pt % g1), consisting of a geodesic
g € M and lifted segments of ), as in figure 3.1. By construction, g is invariant
under T,.

Figure 3.1:

A second proof of existence which utilizes the fact that M is a compact
surface with a hyperbolic structure is the following: The transformation 7, is
an isometry of H2. Since 7,, does not have any fixed points, it is not elliptic.
On the other hand, if ¢ is a parabolic isometry of H? (having a unique fixed
point on the circle at infinity), then for all € > 0 there is an = € H? such that
d(z, ¢p(x)) < e. If T,, is parabolic, this implies the existence of closed geodesics
of arbitrarily short length on M, which is forbidden by compactness of M.
Hence T, is hyperbolic (having two fixed points on the circle at infinity); the
geodesic g in H? joining these fixed points is hence invariant under 7,. Hence
g/T, is a smooth closed geodesic in the same free homotopy class as «.

Unicity. Let g; and g2 be two distinct geodesics in M, , invariant under 7.
If g1 N g2 is non-empty, the intersection consists of a single point, which is
invariant under 7’; but this is impossible.

Hence g1 N g2 = 0. Let z € gy; at z, we drop a perpendicular to gs; we
denote by ¢ the resulting geodesic segment. We note that 776 N é = (), since
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otherwise we have a geodesic triangle the sum of whose interior angles is
> .

Now ¢1, g2, 6, T ¢ form a quadrilateral for which the interior angles sum to
27 (see figure 3.2), but this is impossible by the Gauss-Bonnet formula. (This
can also be seen from more elementary reasons). |

Figure 3.2:

Lemma 3.4 Let « be a non-trivial element of w1 (M, ). Then there exists a unique
smooth closed geodesic in the homotopy class of c.

Proof. Existence is already assured by lemma 3.2. Suppose that g; and ¢} are
two such geodesics. The “existence” part of the preceding proof gives us two
distinct T,,-invariant geodesics in M.

But the uniqueness argument of the preceding lemma tells us that pre-
cisely that this is impossible: just apply the fact that m; (M, ) is torsion free.
|

3.2 The Teichmiiller space of the two-holed disk

The pair-of-pants P? (the two-holed disk) is the fundamental building block
in the theory of surfaces. We showed (in exposé 2) that Diff; (P2, 9y, 02, 95) is
contractible; in particular, a diffeomorphism which preserves orientation and
maps each boundary component to itself is isotopic to the identity.
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9 P2

3,P2

O O
3Pz

Figure 3.3:

If p is a metric of curvature —1 on P2, for which every boundary com-
ponent is geodesic, we say that (P2, p) is a P?-Teichmiiller surface. By def-
inition, two surfaces (P?,p) and (P2, ') are equivalent if there is a diffeo-
morphism ¢ of P?, isotopic to the identity, such that ¢*p = p'. We see that
Diff; (P2, 9;, 0o, 03) is connected, the set of equivalence classes, which we de-
fine to be the Teichmiiller space 7 (P?) of P?, may be identified with the
quotient H(P?)/Diff,, where H(P?) is the space of riemannian metrics of cur-
vature —1 for which the boundary is geodesic:

T(P?) = H(P?)/Diff,.

We give H(P?) the C* topology and 7 (P?) the quotient topology. We
have a continuous natural map

L: H(P?) — (R%)? = { triples of numbers > 0}

defined by
L(p) = (£,(01P?),£,(82P%), £,(03P?)),

where /,, designates the length in the metric p. This induces a map which we
denote by the same letter

L: T(P?) — (R})°.

Theorem 3.5 The map L: T(P?) — (R*)? is a homeomorphism. Moreover,
L: H(P?) — (R%.)? admits continuous local sections.

Teichmdiller space

T(P?)
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The classification of the P2-Teichmiiller surfaces reduces to the classifi-
cation of right hyperbolic hexagons, for a hyperbolic pair-of-pants may be
constructed naturally by isometrically gluing two such hexagons as indicated
in lemma 3.7. For the other direction, an “abstract” hyperbolic hexagon X,
whose every angle is right and whose boundary components are all geodesic
is isomorphic to a hexagon in the hyperbolic plane H?; to see this, we use X
as a fundamental domain, and use symmetries on the sides of X to construct
a complete, simply connected hyperbolic manifold Y’; by a classical theorem
(Hadamard-Cartan, [CE75]), Y is isometric to H?. Therefore, we focus our at-
tention on the set Hex of (direct) isometry classes of right hexagons in H?
which have geodesic boundary, and which are equipped with a distinguished
vertex. We write a1, by, as, b2, a3, bz for the sides, named in clockwise sequence
starting from the base vertex (see figure 3.4).

Figure 3.4:

Lemma 3.6 The lengths {(ay), (az), ¢(as) establish a bijection from Hex to (R%.)3.

Proof.

Existence. Let 1, 42,43 > 0. We will construct a hexagon X in H? such that
é(al) = & fori = 1, 2, 3.

We start by fixing three geodesics G, G, G" as in figure 3.5; G and G" are
a distance ¢; apart. Let z € G and let L, be the perpendicular to G at z; if =
is sufficiently far from z, then L, never meets G” again (We suggest that the
reader sketch the picture in the Poincaré model). Let z(¢;) be the point of G
closest to z satisfying

La:(él) NG" = 1.

We put f(fl) = d(xo, $(€1))
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Figure 3.5:

We have sketched the construction in figure 3.6; it is determined up to
isotopy by the numbers ¢, /3 and .

Figure 3.6:

Let (M) be the distance from GY to GY; this is a continuous function of
the length A, such that ;(0) = 0 and p(+00) = +oo (to vary A, we utilize
the fact that there exists a one-parameter group of isometries of H?, leaving G
invariant); i takes every positive value. This proves the existence of X.

Unicity. As we have seen in the preceding, giving three consecutive sides
of a hexagon determines it completely.

Thus if the right hexagons X and X in figure 3.7 satisfy ¢; = ¢(a;) = £(a})

)



36 (FLP — Exposé 3: Draft - RCSversion 1.6) May 30, 2002

and are not isometric, then the lengths ¢(b3) and #(b3) are not equal; say that
0(bs) > £(b3).

Figure 3.7:

Itis simple exercise in hyperbolic geometry to see that there exists a (unique)j
perpendicular of b3 to as in X. This decomposes the lengths of b3 and as as
shown in figure 3.8: £(b3) = a + 3; ¢(az) = v + 0.

Figure 3.8:

In X', we erect perpendiculars to b at the distances « and § from the two
endpoints, as shown in figure 3.9. In this figure, all of the marked angles of
one stretch are equal to 7/2; the others are not necessarily.

Figure 3.9 gives a contradiction, since we have v+ ¢ > v+ 4. |

Remarks.
(1) The unicity which we have shown may be interpreted as the follow-
ing fact: £(a;1) and £(a2) being fixed, the function ¢(b3) — ¢(a2) is monotone;
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Figure 3.9:

furthermore, the function A — p(X) (figure 3.6) is a homeomorphism of R;..

(2) In the notation of figure 3.4, we may parameterize the set Hex by
(¢(a1),£(az2),£(az)) or by (£(b1),£(b2),£(b3)). The transition from one set of co-
ordinates to the other is by means of a homeomorphism of (R%)3. [In effect,
we will view this transition from (¢(ay),4(az2),?(as3)) to (¢(b1),4(b2),£(b3)) as
being realized by a homeomorphism of (R* )3. In the following, we may eas-
ily verify that the same thing is true for the transition from (¢(ay), ¢(b2),¢(as3))
to (4(b3), £(az2),4(a3)), etc...]

(3) In figure 3.6, we see that if /; := ¢(a — 1) and /3 := £(a3) are fixed, and
if pu := £(a2) tends to 0, then £(b;) and £(b2) tend to co.

The classification of right hexagons leads to a classification of pairs-of-
pants, since every P?-Teichmiiller surface is the double of a hexagon, as indi-
cated more precisely in the statement of lemma 3.7.

Lemma 3.7 Given a P2-Teichmiiller surface:

(1) there exists a unique simple geodesic g;; of P? which joins 0; P? to 9;P* and
which is perpendicular to the two. The arcs gi2, 913, and go3 are mutually disjoint
(figure 3.10).

(2) On Oy P?, the endpoints of g2 and gi3 cut the segments into equal lengths.
The same is true for 9 P? and 05 P.
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Figure 3.10:

Proof. A path of shortest length joining 9; P? to 9;P? meets the boundary at
right angles at its endpoints (the first variation formula [CE75]). We deduce
immediately that such a path is simple. For unicity, we remark that the homo-
topy class is fixed by the condition that the path be simple; by an argument
using negative curvature as in lemma 3.3, we obtain the result (1).

(2) The arcs g12, g13 and go3 cut P? into two right hexagons. These are iso-
metric since they have three sides equal. |

Proof of theorem 3.5

(1) Existence. Given lengths ¢, /5, /3 > 0, we may construct a unique right
hexagon X with ¢(a;) = ¢;/2 for i = 1,2,3 (lemma 3.6.) To for the pair-of-
pants, we take two copies of X, which we glue together along by, b, and b3.
Thus, we have £(9; P?) = 2{(a;) = ¢;. This shows the surjectivity of L.

(2) Unicity. Let p,, p” € H(P2), such that gi = Ep/ (&PQ) = gpu (8Z'P2), fori =
1,2, 3. We will prove that there exists f € Diff; (P2, 9;, 02, 03) which transports
o to p'".

By lemma 3.7 (P2, p') = X{UX},and (P?,p") = X/UX/, where X{, X}, X{, X}
are right hexagons, parameterized by (¢,/2,¢2/2,¢3/2). Hence, there exists a
direct isometry of X/ to X{ and X/, to X4; the sought-for f is the “union” of
these two isometries.

(3) Continuity. We will see that the continuous map

L: T(P?) — (R})®

is bijective. To show that L ! is continuous, it suffices to show that L: H(P?) —
(R* )* admits continuous local sections. The easiest way is to change coordi-
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nates in (R% )3, passing from the lengths of the boundary curves to the lengths
12,023,013 of the geodesics g12, g23, 913 (figure 3.10). This gives a new contin-
uous map

A: H(P?) — (R
and it is sufficient to prove that A has continuous local sections.

We begin with a few preliminaries. Let E be the portion of R? which is the
union

Ey={-1<y<l,z=0tUE ={-1<y<1,0<z<1}.

We define C*°(FE) to be the set of functions f: E — R such that f|E, €
C>(Ep) and f|E; € C*(E;). We have a natural topology on C*°(E) com-
ing from the C*° topologies C*°(Ey) and C*°(E).

Lemma 3.8 There is a continuous map €: C*®(E) — C*°(R?) such that
e(SIE = .

Proof. Let f € C°°(E). By applying a result of Seeley [See64], we may extend
the normal derivative of f|Ey N E; to all of Ey. This gives us a first exten-
sion of C*°(E) in the infinite Whitney jets on E' (we use here the fact that Ey
and E; are in regular position). We now apply the Whitney extension theo-
rem [Mal66]. |

By definition, a truncated hexagon is a set composed from the boundary
of a C* hexagon of R? and of the collared neighbourhoods of three alternating
sides (figure 3.11).

Figure 3.11: Z = truncated hexagon.

The C*° structure of the truncated hexagon Z is locally like that of £
(wherever there are no problems). Lemma 3.8 together with some classical
geometry gives the following lemma.

truncated hexagon
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Lemma 3.9 Let Emb(Z, R?) be the set of C™ embeddings of Z in R?, with the C>
topology. If ¢: (R™,0) — Emb(Z, R?) is a C* function germ, we may lift ¢ to a
germ ®: (R™,0) — Diff(R?) such that ®(0) = Id and ¢(t) = ®(t)$(0).

Now let IV := (19,,19;,19;) € (R%)? and let X(I°) be a right hyperbolic
hexagon in H? parameterized by [°. Let G| and G5 be two geodesics carrying
two consecutive sides of X (1°). For  near [ in (R*.)*, we consider the hexagon
X (1) lying on G1 U Gy with X (1°) (figure 3.12). For every [, the double of X (1)
along the “marked” sides (those whose lengths are parameterized by /;; is a
hyperbolic manifold, denoted by 2X (1); it is diffeomorphic to P2.

Figure 3.12:

the metric p(l), the natural image of 2X (/) under v (l), depends continuously
on [ as elements of H(2X (1°)).

For small fixed € > 0 (independent of /), we consider in X (/) the geodesic
collars of radius ¢ along the marked sides; we thus associate to X (/) a trun-
cated hexagon Z([). Every rectangle of Z(l) is foliated on the one hand by
the geodesics orthogonal to the sides of the hexagon, and on the other by the
orthogonal trajectories of these geodesics. It is easy to construct a continuous
function germ

The question is to find a diffeomorphism (1): 2X(I) — 2X(I°), so that
r

¢: (R})%),1%) = Emb(Z(1°), R?)
such that
1. ¢(1°) is the standard embedding;
2. ¢(N[Z(1)] = Z(1);

3. ¢(l) respects the names of the marked sides and the foliations of the
rectangles.
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By lemma 3.9, there exists a germ
¢: ((R%)?),1°) — Emb(X ("), R?)

such that 9 (1)| Z(1°) = ¢(I). Condition (3) assures that 21(l) is a diffeomorph-
ism of the doubles 2X (i) — 2X(I). On the other hand, the construction as-
sures that the metric on X (I°), obtained from the natural metric on X (I) via
(1), depends continuously on [. Therefore 1(l) := [2¢(l)] ! has all of the
required properties. |

3.3 Generalities on Geometric Intersection of Simple Curves and
oni: S xS — R,

In what follows, M is an orientable surface of genus g > 1. For practicality, we
do not explain any case except where M is closed; the adaptations to the case
of a non-empty boundary are left to the reader. I consider the set S of isotopy
classes of simple curves on M not homotopic to zero. For o, 8 € S, we define
i(c, B) as the minimal number of points of intersection of a representative for
a with a representative for 3. We are led to a map

i*:S—HRf_

Throughout this exposé, we shall make use many times of the following
theorem due to D. Epstein [Eps66b]. Let fo: S' — M be an two-sided embedding
(i.e. with trivial normal fibre) which does not bound a disk; if g, is an embedding
homotopic to fo, then fy and f, are isotopic. [With a base point, the same thing is
true if, additionally, fo is not the boundary of a Mobius band.]

In the same article, one finds the relative version: If N is a surface with
boundary and if A, B are two embedded arcs with 0A = 0B = ANON = BNON,
homotopic with endpoints fixed, the A and B are isotopic rel 0.

We also use the following two facts which may be found in [Eps66b].

Every simple curve homotopic to zero in a surface with boundary bounds a disk.
(This is a consequence of the Jordan-Schonflies theorem.)

On a surface, a two-sided embedding of the circle is not homotopic to any map
which covers k-fold, for k > 1, a simple curve with two sides.
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Proposition 3.10 Let oy and ) be two transverse simple curves in M, not homo-
topic to zero. We suppose that their isotopy classes oy and o are distinct. Then the
following conditions are equivalent.

(1) card (o N o)) = i, ).

(2) All simple closed curves formed from an arc of o, and an arc of o} are not
homotopic to zero in M.

(3) I g and vy are the connected components of p~ (o), respectively p~t(a}),
in the universal covering p: M — M then card(ap Naq) < 1.

(4) There exists in M a riemannian metric p of curvature —1, such that oy and
o) are geodesics.

Proof. The reader will notice that the following implications are immediate.

(1) = (2); in effect, a simple closed curve y of oy Ua); which is homotopic
to zero in M, is the boundary of a disk D; furthermore, y is the union of an
arc of «p and of an arc of; to cross the disk, we may make an isotopy of &}
which diminishes its number of points of intersection with «,.

(3) = (2) by the theory of covering spaces.

(4) = (2) and (3) by lemma 3.1. |

Lemma 3.11 If card(oy, Ne)) > i(ayg, a1), there exist two distinct points g, and gz
of ay N &y and two (not necessarily simple) paths Ty, 'y joining qq to q1, respectively
on oy and o, such that the singular loop Ty + 7" is homotopic to zero in M. Hence
3) = (1)

Proof. By hypothesis, there is a homotopy h;: S* — M, for t € [0,1], such that
ho parameterizes oy and such that h; (S') satisfies

card(hi(S') N &) < card(afy N ).

We may suppose that the isotopy h; is in general position with respect to
o; that is to say that h: S x [0,1] — M is transverse to «}. Then h=!(c/] is
a submanifold of dimension 1 transverse to the boundary, which possesses
four types of connected components, represented in figure 3.13.

The points g1, g2, ¢3, . .. in the figure are exactly the preimages under the
embedding hy of the points of intersection «f, N &}. The hypothesis signifies
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Tt

Figure 3.13:

that there exists at least one component I'; of type I, we obtain I'y by choosing
the arc g1qz of S* x {0} which is homotopic to I';, with endpoints fixed, in
St x [0,1]. |

Lemma 3.12 (2) = (3)

Proof. If the components « and a; cut each other in more than one point in
M, itis easy to find an embedded disk A in M whose boundary is the union of
an arc of &g and an arc of &;. On A, one sees that p~! (af, U« as in figure 3.14,
where p~1(«}) is a dashed and p~!(«/}) is drawn as a solid line.

Figure 3.14:

We may find a (minimal) disk 6 whose boundary is also the union of a
dashed arc and a solid arc and whose interior does not meet p~!(af, Uc}). The
immersion p embeds the boundary of § because of minimality. Now, we may
affirm that p embeds §, for an immersion in codimension 0 which embeds the
boundary and whose interior does not meet the border is an embedding (the
number of points for the fibre is locally constant.) |

Hence, we have proved the equivalence of conditions (1), (2), (3) of propo-
sition 3.10.
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It remains to prove (1) = (4). This follows immediately from proposi-
tion 3.13 and theorem 3.16.

Proposition 3.13 Let o, oy, and o be three simple curves in M, not homotopic to
zero. We suppose

1. «f and oy belong to the same isotopy class c, which is distinct from the isotopy
class oy of o};

2. card(ay N ) = card(agy N )) = i(ap, ).

Then there exists an ambient isotopy of the pair (M, o)) which pushes oy onto oy .

Extension. Using the same proof as below, the proposition remains valid if /)
is a simple arc representing a non-trivial element of 7y (M, 9M).
Proof.

Let h: S! x [0,1] — M be a transverse map onto a}, whose restriction
h|St x {0} (respectively h|S' x {1}) parameterizes o, (respectively o).

Lemma 3.14 The closed components of h~1(c}) are homotopic to zero in S* x [0, 1].

Proof. Let y be a component of h~!(a}), not homotopic to zero in St x [0, 1];
then vy is isotopic to the boundary. Let d be the degree of h: v — o/ . We cannot
have d = 0, since otherwise «j, is homotopic to zero.

We cannot have |d| > 1, since otherwise, a nontrivial multiple of ¢ is
an embedded curve, that is to say «. This is known to be impossible (see
Epstein [Eps66b]). If |d| = 1, this means «j, is homotopic to o, which case we
have excluded. i

Conclusion of proof of proposition 3.13. In the following, the components
of h=1(c}) are of the type I, II, II, IV as in figure 3.13. In fact, by the second
hypothesis, types I and IV do not exist. This is so, as m2(M, ¢}) = 0, it is easy
to kill the components of type IIL If after this, h (/) is empty, we conclude
that oy and of are homotopic (hence isotopic) in M — ) and we have the
conclusion of the proposition by extending the isotopy to supportin M —a/. If
not, the rest of the components are of type II, which we may draw as vertical.
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However, in general, the map h thus constructed is singular and does not give
an isotopy.

Let s1,..., s, be the points of h=!(ca/) NSt x {0}; these cut the circle into
intervals I,...,I, and, if h™1(a}) = {s1} x [0,1] U --- U {s,,} x [0,1], we
may consider h|I; x [0,1] as a proper homotopy (i.e., the boundary moves
within the boundary) between two embedded arcs in the surface NV obtained
by cutting M along . We remark that, by hypothesis (2), for all k, h|I; x
{0} represents a non-trivial element of 7, (N, dN). Proposition 3.13 is then
obtained by applying to each arc lemma 3.15 below, which generalizes the
relative version of the result of Epstein [Eps66b]. |

Lemma 3.15 Let N be a surface with boundary, and ~yy and ~, two properly em-
bedded arcs in N. Let h: [0,1] x [0,1] — N be a proper homotopy between these
arcs: h(t,0) (respectively h(t, 1)) parameterizes -y, (respectively 1) and h(0,w) and
h(1,u) belong to ON for all u.

Then h is deform able, rel [0, 1] x [0, 1], to an isotopy from -y, to 1. Furthermore,
if h(0,u) = h(0,0) for all u (respectively h(1,u) = h(1,0)), then the deformation
may be made through maps with the same properties.

Proof. As usual these situations, the lemma is clear if 7y and ; do not intersect
except at their endpoints; indeed, vy and ~y; delimit a disc in IV, in which the
required isotopy is done; the isotopy is a deformation of the initial homotopy,
for N is an Eilenberg-MacLane space.

In the case where they do intersect, for the separation we consider the
universal covering p: N — Nj; consider one component of p~*(vy) and the
union T'; of all components of p~1(v,). If we are careful enough to begin with
an initial isotopy, leaving fixed the endpoints of vy, to make card(yy N 1) as
small as possible then by the equivalence (1) <= (2) in proposition 3.10, 7y
meets every component of I'; in at most one point.

Let 7, be any component of I'y; we denote by 7;(0) and 7;(1) the endpoints
of ;. If 79 and ¥; meet (somewhere other than at their endpoints), we have the
configurations of figure 3.15. In this figure, the endpoints of the arcs belong
to distinct components of N, unless explicitly indicated otherwise.

Configuration (I) is excluded; indeed, this configuration forbids the exis-
tence of a proper separating homotopy. Similarly, (II) is excluded in the case
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Figure 3.15:

where (0, u) is fixed. By the same argument, configurations (III) and (IV) are
excluded, if in addition, A(1,u) is fixed.

Thus, in the case where the endpoints are fixed, the lemma is proved.

Let us analyse the case where the origin 7y(0) is fixed; then we only have
configurations (III) and (IV). We see in Na triangle A. At the cost of changing
components of 7;, we may suppose that int(A) N Ty = (). Therefore, p|A is
an embedding; there is an isotopy of 7y supported in a neighbourhood of
p(A), which reduces the number of intersections with y; by at least one. We
continue in this manner until int 3y NT'; = . We treat similarly the case where
the two endpoints are free. |

Theorem 3.16 If a surface M has a metric of curvature —1, all simple curves not
homotopic to zero are isotopic to a simple geodesic. Moreover, two simple geodesics
meet in the minimal number of points of intersection in their isotopy classes.

Proof. The second part of the theorem follows from the implication (3) =
(1) in proposition 3.10.

Let f: S' — M be an embedding not homotopic to zero; by lemma 3.4,
/ is homotopic to a geodesic immersion g. Let p: M — M be the universal
covering. Let fo, f1: R — M be two proper embeddings with distinct images
under f;let gg and g; be the geodesic maps which are their homotopic images.
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By lemma 3.1, gp and g; are embeddings which have at most one point in
common. This shows that gy and g; do not again meet.

If M is regarded as the interior of the Poincaré disk D?, then for i = 0,1,
g; has two limit points. Since the homotopy from g; to fi is obtained by lifting
a homotopy in M, the hyperbolic distance from g;(x) to fi(z) is uniformly
bounded for z € R. In a neighbourhood of infinity, the euclidean arc length
is infinitesimally small compared with the hyperbolic arc length; hence as
z — +oo, the euclidean distance from g;(z) to fi(z) tends to zero. Hence
f; has the same limit points on dD? as g;. Now, if gy and g; have a common
point, then by an intersection homology argument (or by the Jordan theorem),
foand f; must meet again. This is impossible, for f is an embedding.

Thus we have proved that the image of g is a simple curve which g covers
a certain number of times. To see that g as an embedding, we apply the result
of Epstein cited in the beginning of the paragraph. |

We can give an application of the theorem which clarifies condition (3) of
proposition 3.10.

Corollary 3.17 Let oy and o be two simple curves which intersect transversely. We
suppose that they have components &; (i = 0,1) in p~ (o) in the universal covering
satisfying card(ag N &) = oo. Then the classes o and oy in S are equal.

Proof. Considering the hypothesis of transversality, we have card(ag N o) <
0. Therefore there are points * € o, N &} and =,y € &y N &, such that = # y,
p(z) = p(y) = *. We orient every arc ¢; from z to y and o like &. Consider
ap, a1 as elements of 71 (M, ). The segment from z to y on o (respectively
ay) covers «f k times, (respectively o [ times). We therefore have in 7 (M, )
the equality

k_ 1
oy = af.

Now, give M a metric of curvature —1. If g; designates the (unique) geodesic
of M invariant under T.,, we see that Ta’g; — Tall leaves invariant gg and g;.
Thus g0 = g1, p(90) = p(g1) and af, & are (freely) homotopic to the same
geodesicin M. |

From the equivalence (1) <= (2) in proposition 3.10, we deduce the
following fact. Let o/, ', be three simple arcs # 0 in M, with o/ N4 =
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B n~" =0 if card(a/ N B') is minimal in M — 4/, then card(a/ N g') is also
minimal in M. This criterion will be used in what follows.
We recall from exposé 1 that P(R?) is the “projective” space associated to
]Ri and that
e ]Rf_ — {0} — P(]Rf_)

is the natural projection.

Proposition 3.18 1. The image of ig is continuous in RS — {0}.

2. The map mi, (in particular i.) is injective.
Proof. It suffices to prove that if a1 # ap € S, there exists 5 € S such that

i(alaﬁ) =0 7é i(a276)'

Ifi(aq, ag) # 0, it suffices to take f = ;. If i(a, a) = 0, there exist simple
curves o) € o and o, € ay such that ) N o, = (). By cutting m along o, we
obtain a surface N containing «4 in its interior.

As o}, is not isotopic to «, there exists in N a curve /' not separable from
o in N. If of, does not separate N, we take 5’ with card(5' Nab) = 1. If o}y sep-
arates N into N; and Ny, we take ' = I; U I, where I; is an arc representing
a non-trivial element of 7 (N}, o); this is possible since neither Ny nor N is
an annulus or a disk.

If 5 is the isotopy class of f' in M, we have, by proposition 3.10, that

Z-(OQ’/B) 750 I

3.4 Systems of simple curves on M and hyperbolic isometries

I consider a system of distinct elements «,...,a; € S, with the property
that a;, y) < 1. We define the complex ['(a, ..., a;) by taking as vertices
ai, ..., o the vertices oy, o, are joined by an edge if i(a;, ) = 1. I will
henceforth suppose that I'(«, . .. , ay) is a tree.

Lemma 3.19 Under the conditions above, let o}, o € aj we such that card(q;, ag) =|
card(ay, ay) = i(eu, ag). Then there exists a diffeomorphism of M, isotopic to the
identity, which transforms Uc/} into Uc/j.
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Proof. For k = 2, this is proposition 3.13. To apply induction, we suppose
that a;- = a}’ for j < 1,1 > 2, the indexing being compatible with the tree
structure. Let p, ¢ be such that p < | < ¢, and i(ap,®y) = 1. Let N be the
manifold obtained by cutting M along the arcs a;-, where j < [,j # p. Then
a;, is cut in one of many arcs in N; let I be one such which meets a; (afl is a
closed curve in NV since I' is a tree); as card(«y, N I) = 1, the arc I represents a
non-trivial element of 7, (IV, ON).

We prove that o, cuts in one point the same arc / (and not some possibly
different component of «j, N N). If not, for some j # p such that j < [ and

i(aj,ap) = 1, we have a; = a4 [look at the preimage of o’ of the range of
"
q

parallel to the boundary of an annulus]. The extension of proposition 3.13

the homotopy from aj, to aj in M; one of these components is necessarily
is now applicable: we have, in N, an isotopy which pushes «; onto a7 and
which leaves aj, N N alone. |

Application. Let p be a metric of curvature —1 on the surface M. We consider
the simple curves o, ..., ) as in figure 3.16 (we consider M to be closed
here); M — Uc; is a cell. Let o] be the geodesic, in the metric p, in the isotopy
class of o;; we may check that card(ej' N o) = card(a; N ap). By lemma 3.19,
M — Uqj is a cell. In particular, figure 3.16 is realizable in geodesics.

Figure 3.16:

Theorem 3.20 Let p be a metric of curvature —1 on a compact surface M. The group
I(M, p) of p-isometries is finite and the only isometry isotopic to the identity is the
identity.

Proof. I begin by considering the set M of all maps M — M, with the topol-
ogy of pointwise convergence. By the theorem of Tychonov, M is compact.



50 (FLP — Exposé 3: Draft - RCSversion 1.6) May 30, 2002

We remark, as an aside, that on I(M, p) the topology of pointwise conver-
gence and the uniform topology coincide. [Indeed, if I consider a finite set X
in M, sufficiently dense, an isometry is completely characterized by what it
does on X ....] We remark that I(M, p) is closed in MM

Furthermore, I claim that an isometry isotopic to the identity is equal to
the identity. Indeed, let ¢ be such an isometry; the action of ¢ on S is trivial; by
the unicity of geodesics in a class « € S in hyperbolic geometry, the geodesic
go in the class a € S is invariant: ¢(g,) = go. We deduce easily that ¢ is the
identity on the system of geodesics in figure 3.16. Hence, ¢ is the identity on
the complementary cell.

Thus, I(M, p) is discrete. But a closed discrete set in a compact space is
finite. 1

Corollary 3.21 Let f € Diff(M) and let T(f) be the natural action of f on the
Teichmiiller space of M (see exposé 7). If T (f) has a fixed point, there is a periodic
diffeomorphism of M isotopic to f.



Chapter 4

The space of simple closed curves on a
surface

by V. Poénaru
4.1 The weak topology

Let M be a closed oriented surface of genus g > 2. Denote by S the space of
isotopy (= homotopy) classes of simple, closed, not oriented curves which are
not homotopic to zero in M. We have already seen (exposé 3, section 3) that
the composite map .
S—5RE — {0} P(RS)
is injective. The map i, extends to a map which we will denote by the same
symbol:
st Ry xS — RS

by the formula
ix(A, @)(B) = Mi(a, B) where A € Ry,and o, € S

Remark. If i, (R4 x S) designates the closure of i, (R x S) in R, then
(i (Ry X S) — {0}) = 7is(S).
This is a general fact about cones.

Proposition 4.1 In P(RS), the set i.(S) is relatively compact.

For the proof, we begin by choosing for M a metric p of curvature —1, and
denote by /(«) the p-length of the unique geodesic belonging to the class of
a€S.

51
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Figure 4.1:

Lemma 4.2 There exists a constant C = C(M, p) such that for all o, 5 € S
i, ) < C - £(a) - £(B).

Proof. If « = f3, we have i(a, f) = 0 and the inequality is clear. Suppose
therefore that & # . Let € be a positive number smaller than the radius of

injectivity of the exponential map. The geodesic g, in the isotopy class o may
Ua)
€
disk. The same holds for g3. A small arc of g, cuts in at least one point a small
arc of gg, by the definition of radius of injectivity: therefore, in a small arc of

Ja, there are at least (Z(ﬂ ) + 1) points of intersection with gz. We therefore find

E

i(a, 8) = card(ga N gs) < (““) n 1) (“‘3) | 1)

be covered by fewer than ( + 1) short arcs each contained in a geodesic

€ €
As £(«) > ¢, the desired inequality is clear. |

On M, we now consider the system of elements f3,..., 82511 € S repre-
sented in figure 4.1. In section 3.4, we saw that such a system may be realized

by geodesics gs,, - - -, GBy541-

Lemma 4.3 There exists a constant c such that for all o« € S,

> il ) 2 ¢ Ua)

J
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Proof. The system {gg, } decomposes M in a number of simply connected
regions. In each, the length of a geodesic arc is bounded, say by L. Thus, we
have the desired result by taking ¢ = 1/L. |

Proof.[of Proposition 4.1] For a fixed constant C, consider the subset S(C) C
P(R%), defined by

S(C)={f e PRS)|VBES, f(B)<C-UB)}

By Tychonov’s theorem, S(C') is compact. Now taking C to be the constant of
lemma 4.2, consider Sy C S(C), which is elements in ]R;gr of the set of func-
tionals of type i.(a)/¢(). By lemma 4.3, we see that Sy C R \ {0}. On the
other hand, Sy is compact, thus 7(Sp) is compact. By lemma 4.3, we have
mi.(S) C m(Sp); this gives the compactness of 7i.(S). |

4.2 The space S’ of multiple curves

As S is difficult to study, we introduce a space which is larger, and easier to
study. Let S’ = §'(M) be the space of isotopy classes of closed submanifolds
of dimension 1 (not oriented and not necessarily connected) none of whose
components are homotopic to zero. As in the case of simple curves, we define
i(a,B) fora € S'and B € S, as well as i,: S’ — RS and 7i,: &' — P(RY).
The minimal intersection between a multiple curve and a simple curve is the
sum of the minimal intersections of the different components.

Remark: By the same reasoning as in section 3.3, we may prove that i, is
injective and that two elements o and ay of S’ are the same image under i,
if and only if they are integer multiples of the same ¢ € S’. [That is, one has
anaturalmap N x &' — §']

Theorem 4.4 In P(RY), we have

Tix(S) = mi(S')
By an application of [???] proposition 4.1, we obtain
Corollary 4.5 In RS, we have
i+(S") Cis(Ry x S)



54 (FLP — Exposé 4: Draft — RCSversion 1.5) May 30, 2002

Proof.[of theorem 4.4] The point is to show that 7, (S) is dense in 7i..(S”). Let
a € §' be represented by a union of pairwise disjoint simple curves o, . . . , .
We may choose a simple, connected curve 7 such that card(y N «;) is equal
to i(7, ;) and non-zero for all j. Let n1, ..., n; be positive integers. We shall
construct an element I'(ny, ..., nx) of S. Each arc of v which crosses a small
tubular neighbourhood of «; is replaced by an arc with the same endpoints
making n; positive turns (see figure 4.2 for the case n; = 2.) We obtain by
this construction a curve I'(ny,...,n;), well-defined up to isotopy. We prove
in the appendix to this chapter that for 3 € S, we have the inequality

(0, i), 8) = D iy, ) - iy, )| (3. 8)
J

Take n; = n[],,;i(y,@)e). We obtain a curve which we’ll denote by I'(n);
it follows that

i), 0) =0 Y il ) [ itas, )] < it 9
J

j
That is, when we projectivize and as n tends to infinity, the contributions of -y
to the intersection become negligible. Thus all of 7. (I'(n)) tends to i, (). |

Figure 4.2:

4.3 An explicit parameterization of the space of multiple curves

Recall that P? denotes the standard pair-of-pants; the boundary curves are
labeled 0, P%, 93 P2, 93 P2. In section 2.3, we classified the multiple arcs of P2.
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An element 7 of A’(P?), the space of multiple arcs, is completely characterized
by the three integers m; = i(r, 9, P?) for (j = 1,2, 3); a triple of integers, not
all zero, describes a multiple arc exactly when m; + my 4 ms3 is even.

In every class of A'(P?), we choose once-and-for-all a canonical repre-
sentative, as shown in figure 4.3. For each 7 € A'(P?) and each 9;P?, we
choose an arc z; from the connected components of 9; P? — 7, as in figure 4.3.
This choice is uniquely defined, since (P?, ) does not admit any non-trivial
orientation-preserving automorphisms.

canonical representa-
tive

Figure 4.3:

For each model 7, we chose an “arc jaune” J; = J;(7) which has the fol-
lowing properties:
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Ji is a simple arc joining 9y P? to itself and which cuts P? into two re-
gions, one of which contains 9, P?, the other 93 P?;

Ji has one endpoint in the arc z; (7).

J1 has a minimal intersection with 7.

Similarly, we construct arcs J, and J3.

Remark: In chapter 6, we classify the measured foliations on P2. The models
of figure 4.3 are the “discrete models” for these foliations, where we do not see
any non-singular leaves. Moreover, for the classification of multiple curves,
we follow a procedure analogous to that which we will follow in the classi-
fication of measured foliations: for example the technique of the arc jaunes
which [???] we set to locate the work of gluing the pants together to recon-

struct the surface.

To parameterize S’, we make a number of choices.

1.

We choose 3g — 3 simple curves Ky, Ko, ..., K3,_3, mutually disjoint,
cutting M into 2g — 2 regions diffeomorphic to pants. In addition, we
take these K; to be connected in M in this way, the pairs-of-pants R; are
embedded in M, that is, each K; belongs to two distinct pairs of pants.

. For each Kj;, we choose two simple curves K} and K7 as in figure 4.4

(this is possible because of the previous condition); K} and K7 differ by
a positive Dehn twist along K (this does not depend on the orientation
of the surface nor that of K;).

We give each K a tubular neighbourhood K x [—1,1]; these are taken
to be pairwise disjoint; the complement of their union is a number of
pairwise disjoint pairs-of-pants R, R, ..., Ry, _,.

Each R} is parameterized by P, via diffeomorphisms ¢;, fixed, but only
up to isotopy.

. . 9g-9
We consider in R +g the cone

B := {(my,si ti) | i —1,...,39 — 3; my, s;,t > 0, (my, s4,t;) € 0(< V)}.
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Figure 4.4:

It is homeomorphic to R%9 6 (the cone on (< V) is homeomorphic to R?). We
will construct a classification map ®: S’ — B.

Let § € S'; we start by defining m;(5) := (8, K;). Knowledge of these
integers determines the models of the pairs-of-pants R} : the corresponding
model for P? is carried by the diffeomorphism ¢. If the representative 3y of
£ is chosen with minimal intersection with the boundary of all of the pants R},
then S| R}, is isotopic to the model. We therefore choose Sy equal to the model
in all of the pairs of pants R}; we say that this representative is in normal
form. Note that if 3y has a component isotopic to K}, this is contained in the
annulus K; x [—1,1].

Lemma 4.6 The normal form of 5 is “unique”. Precisely, if By and [, are two rep-
resentatives of (3 in normal form, then, forall j = 1,...,29 — 2, fo N K; x [—1,1]
and 1 N K; x [—1,1] are isotopic relative to the boundary.

Proof. We have need for an extension of proposition 3.13 to the case that one
of the curves is a multiple curve; the proof is analogous. The point is the
following: if vy is a component of 3, and if ; is the corresponding component
of /31, then there exists an isotopy of M which pushes vy onto v; and which
leaves invariant all of the curves K; x {—1} and K; x {+1},j =1,...,3g — 3.
In reality, it does not hurt the proof of the cited proposition that the [??] rest
is as follows: if v N K; x {£1} = v N K; x {£1} = (, then 7 is isotopic
to y; in M — K; x {£1}. This assertion is true for the “classical” arguments

normal form
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(lemma 3.14) except possibly if v is isotopic to K. but then, because of the
“normal form” condition, there is nothing to prove.

This being so, in the discussion below, we may replace v, (resp. ;) by the
packet g (resp. o) of all of the components of 3 (resp. 51) parallel to vy (resp.
v1). We may thus fabricate a normal form (), with the following properties:

1. ) and fy are isotopic by an isotopy which respects the curves K; x
{£1}.

2. The packet ¥, corresponding to 7y, coincides with ;.

Now let dp be a curve in ) — 7, and let §; be the corresponding curve
in [???] B1 — 1. If dp is not parallel to 4, §p and §; are isotopic in M — 7.
Always by the same arguments, we find then that there exists an isotopy of
M, constant on 7, and respecting the curves K; x {1} which pushes d, onto
1. We continue in this way with the rest. In the end, 3y and f; are isotopic,
by an isotopy which respects all of the curves K; x {£1}.

Now, we claim that the isotopy above may be chosen to be constant in all
of the small pairs of pants 1, which will prove the lemma. It is clear that 5, N
R’ is empty. Otherwise, it is due to the fact that the loops of Diff (P2,01,04,03)
are all homotopic to zero (see chapter 1.6). |

The lemma is essential for the pursuit of the classification. The models
Bo N R are equipped with their “arcs jaunes”. Consider the curve K; and
the two adjacent pants R; and R;. In the small pairs-of-pants R| and R}, we
have the two arcs jaunes J; and J, emanating from the respective boundaries
parallel to K. There exists in K; x [—1, 1] simple arcs S}, S}, Tj, T} such that
JiUS;UJp U S;- is isotopic to KJ’ and J; UT; U Jo U T]’ is isotopic to K;’. If we
impose the condition that 0S; = 9T and 05!, = 9T}, S;N S} =0, T;NT; =0,
then S; U S} (resp. Tj U T}) is unique up to isotopy relative to the boundary.
On the other hand, T; U T} is obtained from S; U S} by a positive Dehn twist
in the annulus.

Then, if the endpoints of the arcs are not in fy, this is a way to put the arcs
into a position of minimal intersection with 3. This being done, we put:

sj(B) = card(Bo N S;)
t](,B) = card(ﬁoﬂTj)
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Lemma 4.7 For each j, the triple (m;(),s;(8),t;(8)) is an element of the bound-
ary O(< V) of the triangle inequality. [Compare with the classification theorem for
S'(T?) in chapter .]

Proof. The proof is shown in figure 4.5. |

Sj Kj X {+1} Tj

Kj x{-1} Bo
m; = S; + 1 ti =m; +s; s; =mj +t;
Figure 4.5: The annulus K; x [—1, 1] is cut along S;.

Let By C B be the set of points # 0, with integer coordinates, satisfying
the following additional condition: if K;,, K;,, Kj,, are on the boundary of
the same pair of pants, then m;, 4+ mj, + mj, is even.

Theorem 4.8 The map ®: S' — B is a bijection of S' with B.

Remark: By an analogous procedure, we will classify the measured foliations
and Teichiiller structures. In reality, as we will explain, theorem 4.8 above is
strictly contained within the classification theorem for measured foliations.
But the simplicity of the means in this proof [???] leads us to include this
particular case. [In particular, for foliations, one does obtains uniqueness of
the normal form only after a long detour.]

Proof. The image is evidently contained in By. On the other hand, we have a
recipe to make a multiple curve /5 from the element {m;,s;,¢; | j =1,...,39—
3} of By. As in chapter 1.6, the coefficients m; determine the arcs in the small
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pants R}.. Having these, we have also the “arcs jaunes” and hence, for each j,
we get the arcs S and 7} in the annulus K x [—1, +1].

If mj = 0, s; = t; indicates the number of curves of 3 parallel to K;.
If mj # 0, we already have m; points on K; x {—1} and on K; x {+1};
the coefficients s; and t; determine completely the way in which these are
joined. It remains to verify that the multiple curve constructed in this way
has the property of having minimal intersection with each Kj, that is to say,
that i(3, K;) = m; for this we use the criterion of proposition 3.10.

As soon as S; and Tj are fixed, fp N K; x [—1,+1] is determined, up to
isotopy relative to the boundary, by s; and ¢;. The injectivity of ® follows. |

Remark: The members of the seminar do not know how to detect which are
the coefficients of a simple curve.

Obviously, ® is homogeneous (of degree 1) by [???] relation to multiplica-
tion by an integer scalar. We may thus extend ® by homogeneity, to ®: Ry X
S — B.

Corollary 4.9 The map ®: R', x § — B is injective.

Proof. If not, there exists «y and «; € S and a scalar A > 0 such that ®(«g) =
A®(aq). It is very easy to see that A is rational. Thus, we have integers ny and
ny such that ®(npag) = ®(n1;). By theorem 4.8, we have npag = njoy. It
follows immediately that oy = . |

Problem: Show directly that (R x S) is dense in B. This is plausible since
the (positive) cone on By is dense in B. Of course, this is the result of the
following theorem which is the “discrete” version of the theorem on foliations
and which will not be proved until chapter 5.3.2.

Theorem 4.10 There exists a closed cone C in RS and a continuous, positive map
Oc: C — B, homogeneous of degree 1, which makes the following diagram commute:

R, x S(resp. 8') —2—~ C C RS

o\ b

B

Furthermore, O¢ induces a homeomorphism of i, (R4 x S') with B.
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Consequences:

1. ®(Ry x 8) is dense in B. (use theorem 4.4 and the fact that ®(S’) is a
“network” as well as the continuity and the homogeneity of 6.)

2. The space i (S) is homeomorphic to S%9~7.

Remark: The existence of f¢ signifies that the coefficients of s;(/) and ¢;(3)
are given by continuous formulas homogeneous of degree 1 as functions of
[72?] i(B, @), € S. We give these formulas explicitly in the framework of
measured foliations; they permit the continuous interpolation of the vari-
ables.

On the other hand, as ® is injective for all @« € S, there exists a map
1o : By — N such that for all 5 € S’, we have:

i(B, ) = Pa(P(B))

It appears very difficult to make these formulas explicit.



transverse  invariant
measure

Chapter 5

Measured Foliations

by A. Fathi and F. Laudenbach

5.1 Measured foliations, the Poincaré recurrence theorem and the
Euler-Poincaré formula.

5.1.1 Definition.

Let M be a surface! and F a foliation of M with isolated singularities. We call
a measure p defined on arcs transverse to F a transverse invariant measure
if it satisfies the following property:

If a,3: [0,1] - M are two arcs transverse to F, isotopic through
transverse arcs whose endpoints remain in the same leaf, then

pla) = p(B).

If the arc passes through a singularity, transversality is understood at each
point where the arc belongs to a regular leaf.

N.B: In the following, we limit ourselves to the case where the measure is reg-
ular with respect to Lebesgue measure: every regular point admits a smooth
chart (z, y) where the foliation is defined by dy and the measure on each trans-
verse arc is induced by dy.

IThe theory may be extended to non-orientable surfaces. For simplicity, we will sup-
pose M to be orientable.

62
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5.1.2 Singularities permitted in the interior of M.

For each integer £ > 1, consider singularities of the form of the quadratic
holomorphic differential z* dz?. We will consider

Im(V 2k dz2) = r*/2 <r cos (%9) df + sin (#9) dr>

which is a form of degree 1, well-defined up to sign. This therefore defines a

measured foliation whose origin is an isolated singularity, admitting as sepa-

2+k
ratrices the half-lines r > 0, %9 = O mod 7.

As models for the singularity we choose a compact domain containing the
origin, delimited by arcs transverse to the foliation (faces) and arcs contained
among the leaves of F (sides).

Remark. Let w be a closed differential form of degree 1 on M, (OM = 0),
whose singularities are “Morse” (i.e. generic). Suppose in addition that w does
not have a center (critical point of index 0 or 2); then w defines a measured fo-
liation. If it easy to see that a measured foliation is defined by a closed form if
and only if it is transversely orientable in the complement of the singularities.

5.1.3 Singularities permitted in the boundary of M.

The regular points of the boundary are those where the boundary is trans-
verse to the foliation or else those with a neighbourhood in the boundary
which coincides with a leaf.

The singular points admit a chart of the form shown in 5.1 [???] traced on
the upper half-plane if k is even or on the half-plane {z | Re(z) < 0} if k is
odd.

Finally, in this entire work, given a measured foliation (F, 1) on the man-
ifold M, each point of M admits a neighbourhood with a chart foliated iso-
morphically with one of the models in figure 5.1.

N.B: In the chart of a singular point, we will agree that the separatrices belong
to different patches. In this way, in M, each leaf is diffeomorphic to an interval
of Rorto St.

faces

sides
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Figure 5.1:

5.1.4 Good Atlas.

If M is compact, there exists a constant ¢y and two closed covers {U;};c,
{Vj}jes, by domains of charts, satisfying:

1. M = U, (intU));

2. Foreach j € J, U; C V; and the faces of U; are contained in the faces of
Vj (see figure 5.2).

Figure 5.2:

3. Every point in a side of U} is a distance at most ¢ from the sides of V; (all
distances are measured along trajectories using the invariant measure

p-)
4. The charts U; do not contain any singular points.

5. The intersection of two charts U;, and Uj, (resp. V}, and V},) is a rectan-
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gle:

To satisty the last condition, we chose a line-field transverse to the folia-
tion on the complement of the singularities, and we require that the charts be
sufficiently small and their faces be tangential to the line-field.

5.1.5 The Poincaré recurrence theorem.

Theorem 5.1 (Poincaré) Let M be a compact surface equipped with a measured
foliation (F, ). Let o be an arc (= [0, 1]) on OM, transverse to F at all points of
int(«v), and let x be one of its endpoints. Then the leaf L, issuing from x goes either
to a singular point or to the boundary OM.

Proof. We will use the atlas described in 5.1.4. Suppose that L, does not end
in a singularity, and truncate « so that ;s(a) = € < ¢, and that, for every y € «,
the leaf L, does not end in a singularity. We claim that if L, does not meet the
boundary again, then we have an injective immersion ®: o x Ry — M, where
®(y x Ry) = L, for each y € cv.

In effect, if P is a patch of L, in Uj, it is in the boundary of a band of
Vi, of width €, which does not contain any singularities, by the hypotheses
on «. If two patches of L, meet [???] the bands in question glue together by
the properties of an atlas. This gives an immersion. Injectivity holds because
® (a) = a x {0} and for every point of the image of @, this does not pass
through a leaf.

Let z be a point of recurrence of the leaf L,; if z € U; there exist infinitely
many bands of size €, components of image(®) N V;. But two distinct bands
are disjoint. Impossible. |

Corollary 5.2 If a leaf L of F is not closed in M — sing(F), and if « is an arc
transverse to F cutting L, then a N L is infinite.
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Proof. It suffices to show that it is impossible that & N L be an endpoint of
«. For this, we cut M along int « to obtain M’, equipped with an induced
foliation F'. If C'is the curve of M’ arising from «, then F’ has the configu-
ration shown in 5.3; with the two singularities s; and sy corresponding to the
endpoint of ¢, the two leaves L, and L, in F' issuing from s; correspond to
L.

Figure 5.3:

By the theorem, L, (resp. Lg) ends in a singularity of ' or on the bound-
ary of M'. If the boundary is C, by the hypotheses on «, we conclude that
L4 = Ly, which implies that L is closed (contradiction). If not, considering M’
contained in M, L, and Lg end in a singularity of F or on the boundary of M,
hence L is closed (contradiction). |

5.1.6 The Euler-Poincaré formula.

Let M be a compact surface equipped with a foliation F having singularities
of the type admitted in figures 5.2, 5.3. We recall that each component of the
boundary is either

(A) transverse to F, or
(B) acycle of leaves (i.e., a finite union of leaves and singular points).

To each singularity s, we associate an integer P

P - number of separatrices if s € int M orif s € M, case (B)
* | number of separatrices + 1 if s € 9M, case (A)
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Theorem 5.3 (Euler-Poincaré formula)
2x(M)= ) (2-P)
sing(F)
Proof. We reduce to the case where M does not have any singularities, fol-
lowing the procedure of figure 5.4. In pushing each singularity from the bound-}

ary into the interior in this way, we may conserve the integer P; assigned to
the singularity by the rules above.

Figure 5.4:

Denote by X' the set of singular points with an odd number of separatri-
ces, and by ¥’ the set of singular points with an even number of separatrices;
let ¥ = X' U X". We have an orientation homomorphism of the fibre tangent
to F:

m(M -X) = Z/2.
This defines a 2-sheeted covering which prolongs above X" and is branched
over ¥'. We therefore have a branched covering p: M — M, where M is
equipped with an orientable singular foliation F, which we may think of as
generated by a vector field X; if s is a singularity of F, then P, is an even

integer and the index of X in s is —75 + 1. Then, if there is not a singularity

on the boundary, we have

x(M) = Z indices = Z E—{—l

. ‘2
sing(X) sing(F)

X(M) = 2x(M) — card(3')  and > 1=2-card(3") + card ().
sing(F)
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Thus, if p(s) € %", Ps = Py, but s has a “twin”; if p(s) € ¥', P; = 2P,(,).
Rearranging the equalities gives the desired formula. |

N.B. In computations, we must not forget that P, > 3.

5.1.7 Quasi-transverse curves.

We say that a curve vy is quasi-transverse to F if every connected component
of v — sing F is either a leaf or transverse to F. Furthermore, in a neighbour-
hood of a singularity, a transverse arc is not in a sector adjacent to an arc
contained in a leaf (figure 5.5) and two transverse arcs are in two distinct sec-
tors.

Figure 5.5:

Proposition 5.4 There does not exist a disk D, with angular boundary, with 0D =
a U B, where o is an arc contained in a leaf and [3 is a quasi-transverse arc.

Proof. Suppose that such a disk exists. Let N = D?, the double of D along £3;
N is given a foliation (with possible singularities). But now x(N) > 0, which
contradicts the Euler-Poincaré formula. 1

Remark. In the same way, we see that a closed, immersed curve quasi-transverse]

to F is not homotopic to zero.
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5.2 Measured foliations and simple curves

5.2.1 Notation.

MF (M), or simply MF if there is no danger of ambiguity, designates the set
of measured foliations, possibly with singularities, defined on a given com-
pact surface M, quotiented by the two following equivalence relations:

e isotopy;

e Whitehead operations

(more precisely, if the two singularities lie on the boundary, we do not
contract if the connecting leaf is on the boundary.)

Recall that S designates the set of homotopy classes (= isotopy classes) of
simple closed curves, piecewise C*°, not homotopic to zero or to a boundary
component.

5.2.2 Themap I.: MF — RS.

Let (F, ) be a measured foliation and +y a closed curve. We set pu(y) := sup(>_ ()}
where a1, ..., a; are the arcs of 7, mutually disjoint and transverse to F, and
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where the supremum is taken over all sums of the given type. In other words,

() is the total variation of the coordinate y along v in an atlas which defines

the measured foliation. This quantity is also denoted by Thurston as |. . F
Let o be an element of S; we set

I(F, p;0) = inf u(v)

This is clearly an isotopy invariant; on the other hand, if (F, ) and (F', ')
are related by a Whitehead move, then for each curve vy € o and each ¢ > 0,
there exists 7' € o such that |u(y) — #/(v')] < e (figure 5.6).

Figure 5.6:
This is enough to ensure that the formula below defines a map:
L: MF - RS
(L(F, ), 0) i= I(F, p; 0)
5.2.3 The measure of quasi-transverse curves.

Proposition 5.5 If vy is quasi-transverse to F, then

p(y) = 1(F, p; 0)
where o is the homotopy class of ~y.

Proof. Let v’ € o; if v and +' are disjoint, y and 7' cobound an annulus A. By
the Poincaré recurrence theorem (theorem 5.3), almost every leaf re-entering
A in a point of v meets the boundary again. By index considerations (propo-
sition 5.4), it may not meet y again. Hence p(y) < p(v').
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If v and +' have points in common, we proceed as follows. We begin by
putting ' in general position with respect to v, in the sense that v’ —~ does not
contain a finite number of open intervals. This may be done in a way which
perturbs the measure by an arbitrarily small amount. Then if v and +' are
homotopic, there exists an arc ¢ in ' and an arc @ in «y such that int aNint o’ =
() and which bound a disk D (proposition 3.10). Almost every leaf re-entrant in
D in a point of o meets the boundary again. Thus u(a) < u(o/). If v =o' UG,
we may form v = o' U ", with o' = e and " = 4'. We have u(y") < p(v')
and 7o (7" — ) < mo(y" — ). Thus, by induction on 7y (y" — ), we prove that
n(y) > p(y). i

To find the classes of S which contain quasi-transverse curves, we require
the following lemma concerning the holonomy map.

5.2.4 Stability Lemma.

Let v be an arc (arc = compact arc) in a leaf, and let «, 3 be two disjoint trans-
verse arcs, each starting from an endpoint of y, both in the same side. Denote
by L, the leaf meeting «(t); a(0) and 5(0) are the endpoints of  in Ly. We
chose the parameterization in such a way that

p([e(0), (t)]) = ([B(0), B(?)]) = ¢.

There exists a function germ for the holonomy map

hy: (o, a(0)) — (B8, 5(0))

characterized by the following property: k., is continuous and if h,(a(t)) is
defined, we have h,(«(t)) € Ly; the invariance of the measure ;1 implies that
h, is an isometry, that is to say, that h,(a(t)) = B(t); we denote by {~;} the
continuous family of arcs, such that 7y =, v, € L, and 7, joins «(t) to 5(t).

Lemma 5.6 (Stability) If h, is defined in the half-open interval [« (0), (o)), then
the points a(to) and [B(to) are joinable by an arc ~y, which is contained in a union
of a finite number of leaves and singular points and which is the limit of the arcs
Vi, t € [0, %0).

Furthermore, there exists an immersion H : [0, 1] x [0, t9] — M which is C* on
the interior and such that we have H ([0, 1] x {t}) = v for all t € [0, to].

The obstruction to prolonging h~ beyond «(ty) is due to the following situations:
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Figure 5.7:

o a(ty) (resp. B(to)) is an endpoints of « (resp. (3)

e (to) contains a singularity.

Proof. We use the good atlas of 5.1.4, and the notation Uj, V}, €o. We may
clearly reduce to the case where ¢y < ¢y, where the arc [«a(0), a(to)] is con-
tained in a chart Vj, and where the arc [3(0), 3(to)] is contained in a chart Vj,.
We then cover vy by the charts Uy = Uj, Uy, ..., U, = Uj,, the labelling is cho-
sen in such a way as to give for each i a patch Pi0 of U;, contained in U; N 7y,
satisfying P N P} = 0, except when |j — i| = 1; clearly, the labelling may go
back many times to the same chart.

Consider the union Xy = (J{P} | t € [0,%0]} of patches of V which cut
[a(0), a(tp)]; the eventual singularity of ¥, may not be found on the patch P;°
otherwise the holonomy map will not be defined on [a(0), a(tp)). If we pass
to the chart V}, we find an intersection X, N V; which is a rectangle of width
to, by the properties of a good atlas. We construct the union X; of patches of
V1, which meet X, NV} and we continue in this way for the rest. |

Remarks.

(1) The lemma requires the invariant measure; figure 5.8 is a counter-
example in the case where there is non-trivial holonomy:

(2) The lemma remains true if ) passes through singularities whose sep-
aratrices are on sides opposite from « and (.

Corollary 5.7 We suppose that M is not the torus T?. Let v be a cycle of leaves;
either -y passes through singularities and there exist separatrices on both sides of y, or
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Figure 5.8:

7 belongs to a “maximal annulus” A whose interior leaves make cycles; a component
of 0A which is not in OM is a singular cycle.

Proposition 5.8 Let v be a simple closed (connected) curve on the surface M, and
(F, i) a measured foliation. If y separates M into two components, M = My U, My,
we denote by ¥; (< = 1,2) a spine of M; (i.e., a I-complex onto which M; collapses).

1. If I(F,p;[y]) # 0, there exists (F', u'), equivalent to (F, j1), such that v is
transverse to F' and avoids the singularities.

2. If I(F, pu; [y]) = 0, there exists (F', i), equivalent to (F, i), satisfying one or
the other (or both) of the following two conditions

(a) yis a cycle of leaves of F';

(b) ~y separates, and for i = 1 or i = 2, ¥; is an invariant set of F'.

This situation may not occur that if the set of links [???] between the leaves
has cycles.

Remarks. (1) If we forbid modification of F, we obtain only the much weaker
result that  is homotopic to an immersion quasi-transverse to F. Moreover,
this immersion is a limit of embeddings.

(2) Figure 5.9 illustrates the situation of case 2.(b) of the proposition. The
foliation of the surface of genus 2 is obtained by “stretching” the curve C (see
section 5.3).

We will simultaneously show the following criteria, which will be useful
later on.

Minimality Criteria. The following two assertions are equivalent:

spine
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Figure 5.9:

Lop(y) > I(F, 5 [v]);

2. There exist two points zy and z; of y belonging to the same leaf L in
such a way that:

e 2xoUr; = Oc,wherecisan arcof L,
= 9Jc,where ¢ is an arc of v
e cUcd = 0D,where D isa 2-disk.

Proof. We may suppose that v = a; * 1 * --- % a, * [5,, where the arcs «;
are transverse to 7 and the arcs f;, eventually reduced to a point, are in a
finite union of leaves and singular points; the labelling is cyclic. If we do not
begin with such a decomposition, we either obtain one in each chart by an
isometric isotopy, or there exists a chart in which the second conclusion of
the criterion is visible and a correction shortening the length leads to a finite
decomposition.

This done, we have for f3, the configuration shown in figure 5.10. By defi-
nition, (1) is the configuration for which lemma 5.6 applies. In (2) and (3), S
contains at least one singularity, and lemma 5.6 is not applicable; in (4), B
does not contain any singularities.

In (1), the conclusion of the second criterion is visible. On the other hand,
we claim that, if for all k, 3. is not in configuration (1), then -y is isotopic to a quasi-
transverse curve of the same length; that is to say, u(y) is minimal by 5.5, and
the claim proves the minimality criterion. To prove the claim, we replace each
configuration of type (4) by a transverse arc; the configurations (2) and (3) are
modified as in figure 5.11.
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Figure 5.10:

Figure 5.11:

We will now give the proof of the proposition. As in the proof above, the
Bk of type (4) are replaced by transverse arcs, and those of types (2) and (3)
may be supposed to have singularities as endpoints.

At this point, either « is a cycle of leaves (conclusion 2.(a) of the propo-
sition), or we may concentrate in a point each leaf contained in . By then
resolving [???] the singularities obtained (figure 5.12), we reduce to the situa-
tion where all of the arcs By, are of type (1). From this, the induction is made on
the number of arcs of v contained in a leaf. When there are none, v is trans-
verse to the foliation (conclusion 1.)

If not, consider ;. Lemma 5.6 gives an immersion & of a rectangle R. The
induced foliation F = h~!() has all of its singularities in the same arc ) of the
boundary. Denote by Bi,...,Bmthearcsof 4 = h! (7), which are in the leaves
of F (horizontal arcs). Say that f1 is the closest arc to the singularities (in the
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Figure 5.12:

sense of the transverse measure); then the component of 4 which contains
$1, bounds a sub-rectangle R’ which is minimal; we see that A|int(R’) is an
embedding disjoint from .

Figure 5.13:

If R’ does not contain any singularities of , a neighbourhood of h(R’) is
the support for an isotopy of v which pushes out f;; also if h(f;) = S, the
application of this isotopy leads to a situation where, in the new rectangle R
associated with 1, the new arc ¥ has fewer horizontal arcs.

If R has one singularity, then, because of the transverse measure, it is easy
to see that h(Bl) is an arc S, distinct from S, (if not, the width of R’ becomes
the same as that of R).

By the reasoning above, perhaps after cyclically re-labelling the arcs, we
may suppose that:

1. h|R — X is an embedding,
2. h|int(R) Ny is empty,
3. h(X) N By is empty, for all k.
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Inserting first the following simple cases (A) and (B), where we see the
operations of isotopy and Whitehead moves, which reduce the number of
arcs of «y contained in a leaf.

(A) X does not contain a singularity.

See figure 5.14.

Figure 5.14:

(B) X contains singularities and R is embedded.

The isotopy across R replaces ; with an arc of type (2). We apply to it the
procedure from the beginning [???].

This case makes allowances [??? mis a part...] that 4#()) has double points.
Seen as a singular path, A is written as a composite:

A= gk Ak -k Ak g

where 1 (resp. p1) is an arc of a leaf joining a point of a; (resp. a) to a sin-
gularitym and where \; (1 < ¢ < g) is an arc of a leaf joining two singularities;
certain of these arcs may be reduced to a point and several may belong to the
same leaf. However, A has in R an approximation which is an embedded arc
missing oy and o at its endpoints. Because of this, each leaf carries at least
two arcs of X\. More precisely, neither iy nor ;1 may belong to the same leaf
[2?? as] Aj; if po N 1 is not reduced to one of their endpoints, it is that a1 =
(i.e., ¥ = aq * A1) and that we have the configuration of figure 5.15.

We say that \; is simple if, for every j' # j, A; does not cover the same leaf
as ;. We say that 119 and j; are simple if one does not have the configuration
of figure 5.15 ([???] it is then compelled on the other).

simple
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Figure 5.15:

Denote by A the complex of dimension 1

this is an invariant set of the foliation F. If M is closed, each Whitehead slide
of A lifts to Whitehead moves of F' (the terminology for foliations was chosen
owing to this remark.)

Lemma 5.9 We suppose that M is closed. If one of the arcs \;, po, p1 is simple,
there exists a foliation F' equivalent to F and equal to F in the complement of a
neighbourhood of A, and for which the limiting arc X' of the domain of deformation of
R' of 31 possess fewer double simplexes (edge or vertex).

Proof. We slide the simple arc on its predecessor or on its successor. Fig-
ure 5.16 represents this operation when i is simple. |

If the lemma is applicable, we reduce by iteration to case (B), if not, we
find ourselves in the following situation.
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Figure 5.16:

(C) All of the arcs A;, o, p1 are double.

Then the support of R, on the surface, is a regular neighbourhood of the
complex A and 7 is its boundary; we thus have the conclusion 2.(b) of the
proposition.

The proof of the proposition is completed by induction on the number of
segments of the decomposition of v, all as long as M is closed. The case for
surfaces with boundary is made analogously, paying attention to the White-
head slides permitted.

|

Remark. The preceding proposition does not admit the reasonable general-
ization to the case of a system with £ embedded curves 7,...,y; except

when I(F, p; [71]) # 0, ., I(F, 3 [vk—1]) # 0, I(F, 5 [v,]) maybe null.

5.3 Curves as Measured foliations

5.3.1 The “stretching” procedure.

Let Mj be a sub-manifold of dimension 2 in M, such that M — M, does not
have any contractible components. Let 3 be a spine of M — Mj; by hypoth-
esis, none of its components are contractible. Thus, perhaps after collapsing
the 1-simplices which have a free vertex, each singularity of ¥ involves three
branches.

We may construct a surjective map j: My — M such that

e jis a (piecewise differentiable) immersion.

spine
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e j|int(M)) is a diffeomorphism on M — .
° ](8M0 - 8M) = 2.

e j is the identity outside of a small collar around 9My — OM.

Figure 5.17:

Let F be a measured foliation on M such that each component of 0 M, —
OM is an invariant set. We may then define F := j,F, which is a measured
foliation on M satisfying

e Y is an invariant set of F.

e j|int(Mp) conjugates between the measured foliations Fy| int(Mp) and
F|(M — X). We say that F is obtained from F by stretching M.

We observe that if ¥’ is another spine of M — M), then X' is obtained from
¥ by Whitehead operations and isotopies (see appendix B). We conclude that
the class of F does not depend on that of F,. We therefore may define a map

MF(My, dMy = M) — MF(M)

for which the domain is the subset of MF (M) formed from the foliations
admitting every component of 0My — dM as an invariant set.

Lemma 5.10 Let y10 and 1 be transverse invariant measures for Fo and F. Let -y be
a simple curve in M. Then I(F, u;[y]) = inf po(y' N My), where ~' is isotopic to .

Proof. This follows from the observation that for each curve C, there exists a
curve (', isotopic to C, such that C' N My = j=(C). |
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5.3.2 The inclusion Ry x § — MF.

We will define the inclusion Ry x § — MUF as follows. Let C € S, A €
R . Consider a tubular neighbourhood Mj of C which we foliate by circles
parallel to C; we equip this with an invariant transverse measure ;1o such that
the width of the annulus M, is A. This measured foliation of Mj is unique up
to isotopy. We denote by F) ¢ a foliation obtained in this way, and by p its
transverse measure.

Proposition 5.11 Let -y be a simple curve in M. Then we have

I(Fxcr i []) = Xi(C,)

Proof. Let o be a component of y N M. If o goes to one boundary or the other
of My, then pp(cr) > . We deform « by isotopy so as to be transverse to the
foliation; then aNC =1 point and pp(a) = A. If & does not touch a component
of the boundary, then + is isotopic to 7/ whose intersection with M, has one
less component. Applying the preceding lemma, we have the inequality

I(Fac,p;[v]) 2 Ai(C, ).

The equality is obtained by considering the case where v has minimal inter-
section with C, for then

po(y) = Ai(C, 7).

The proposition above indicates that the following diagram commutes:
R}y X 8§ = MF

As i, is injective (by proposition 3.18), R}, x § — MF is also an injection.



Chapter 6

Measured Foliations, Continued

by A. Fathi

82



Chapter 7

Teichmdller Space

by A. Douady
Notes by E. Laudenbach

Given a compact surface M of Euler characteristic x(A) < 0, we consider the
space # of metrics of curvature —1 on M, which make the boundary of M
geodesic; H is non-empty, and is given the C'* topology of all fields of co-
variant tensors. The group Diff’ (M) of diffeomorphisms of M isotopic to the
identity, equipped with the C'*° topology, acts on the left on # by the general
formula obtained from the naturality of the field of covariant tensors m € #,
¢ € Diff’(M) — ¢*m € H. The quotient space T := H /Diff’(M) is the Teich-
miiller space of M; when M is orientable, this definition coincides with the
classical definition as the “space of complex structures, up to isotopy”, via the
uniformization theorem [Spr66]. It is known that this space is homeomorphic
to a “cell” [FK98]; Earle and Eells have shown that H is the total space of a
principal fibration over the Teichmiiller space [EE69].

Our programme here is to establish a parameterization of the Teichmiiller
space which depends only on the lengths of the simple closed geodesics.

Recall that S is the set of isotopy classes of simple closed curves not ho-
motopic to zero in M. If m is a hyperbolic metric, for « € S, {(m, «) is the
length of the unique geodesic in the isotopy class of «. This defines the map

é*:T—HRi

by the formula (¢, (m), a) := £(m, «v).

83

Teich
miiller space
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Proposition 7.1 For a fixed o € S, the map which associates to m € H the m-
geodesic in the class « is continuous in the C* topology.

Corollary 7.2 The map £, is continuous.

Proof. Clear 1

Proof. [of proposition 7.1.] One method of proof employs convexity proper-
ties of the “displacement function” (the Bishop-O’'Neill Theorem [BO69]; see
the paper by Bourguignon in [Bou85]). We give a different proof.

Let I be the set of pairs (mn, 7) where m is a hyperbolic metric and v: S —
M is a constant speed parameterization of the m-geodesic of . We give I the
topology induced from the C'*° topology on the product space

H x C°(S', M).

Consider the projection p: I' — H onto the first factor. We wish to show that
p is proper.

We denote by 7'M the manifold of tangent vectors to M, and consider in
H x T'M the set

C = {(m,v) |Vt exp,,(t+ 1)v =exp,,tv

and the closed curve t € [0, 1] — exp,, tv is in the class a}

C'is closed in the product topology on HxT'M.If S is obtained by identifying
the endpoints of [0, 1], one has the obvious map C — I' which is surjective;
by a theorem on differential equations, it is continuous. The properness of
p follows from the fact that the projection ¢: C' — H is proper, as we shall
prove.

We know that m € H +— {(m,a) is an upper semi-continuous function.
Hence if m belongs to a compact set K, the set {¢(m, «) | m € K} is bounded.
Let (m,v) € ¢ '(K); the quantity \/m(v,v) = £(m,«) is then bounded. If
mgo € K, there exists A > 0 such that, for all w € T M, and all m € K, one has

mo(w, w) < Am(w,w).

Thus if (m,v) € ¢ '(K), mo(v,v) is bounded. Finally, ¢ }(K) is compact,
since it is closed in a product of compact sets.
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The group O(2) of rotations acts naturally on I': for r € O(2), (m,vy) xr =
(m,7 o). The quotient is the space of m-geodesics of o, m € H. In negative
curvature, p induces a bijection I'/O(2) — H, which, by the above, is continu-
ous and proper. Since the spaces considered are metrizable, the inverse is also
continuous. 1

From now on, we suppose that M is without boundary, in order to sim-
plify our presentation. Let g be the genus of M. We fix a decomposition £
of M into pairs of pants R;, i = 1,...,2g9 — 2, bounded by curves K;,; =
1,...,3g — 3. Every pair of pants is given with a parameterization by a mod-
ulus, and every curve Kj is given with an orientation. We have a continuous
map

L: T — (R )73

defined by L(m) := ¢(m,K;);(i = 1,...,3¢9 — 3), where m is a hyperbolic
metric making the K;’s geodesic (a so-called metric adapted to the decompo-
sition.)

Remark. From now on, # denotes the space of metrics adapted to . One sees
easily that 7 is bijective with the quotient of # by Diff (M, K) N Diff’(M). To
see that the topology is the same, we use proposition 1 and the fact that the
action of Diff (M) on the space of simple curves admits local sections [Pal60].

The twist along the curves K; defines a continuous action  of R39~3 on
T. More precisely, let K; x [0, 1] be a collar for K; = K; x {0}, given once and
for all; we suppose all of the collars are pairwise disjoint. Given an adapted
hyperbolic metric m and a number «, there is a diffeomorphism ¢;(m, «) of
the collar K; x [0, 1] with the following properties:

1. ¢i(m, a) is the identity on a neighbourhood of K; x {1};
2. ¢i(m, @) is an isometry for m in a neighbourhood of K; x {0};

3. The lift of ¢;(m, ) to the universal covering R x [0, 1] which is the iden-
tity on R x {1} is a translation of length af(m, K;) on R x {0}, in the sense
indicated by the sign of « (the universal covering is given the lifted met-
ric).

metric adapted to the
decomposition

twist
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The twisted metric ¢;(m, «) is defined by 6;(m, o) = 6;(m, a)m for points
of the collar K; x [0,1] and by ¢;(m, a) everywhere else.

For (a1,...,a3s—3) € R¥ 73, let O(m, ay,...,ass—3) be the metric defined
by 91(m,a1) in K1 X [0, 1], ey by 93g_3(m,a3g_3) in Kgg_g X [0, 1], and m
elsewhere. Because of the adapted metric, its isotopy class is well defined.

Remarks. (1) As in the classification of metrics on pairs of pants (exposé 3),
the orbits of the action ¢ coincide exactly with the fibres of L. The corollary of
proposition 2 implies that this action is free.

(2) The Dehn twist along K;, which is a global diffeomorphism of the sur-
face supported in a collar of K, is an isometry (up to isotopy) for the metric
6;(m, 1) on m. One therefore has, for all curves K’,

£(03(m, 1), [K']) = £(m, p([K'])).

Let R and R’ be the two pairs of pants adjacent to K;; suppose that R con-
tains the collar K; x [0, 1]. Let K be a simple curve in RU R’ cutting K; in two
essential points (K is not isotopic to a curve disjoint from K;.) — compare
with section 4.4 of exposé 6. Let K’ denote the curve in R U R’ obtained from
K by a Dehn twist along K;: K" := p(K]).

Proposition 7.3 The length ¢(6;(m,«),[K]]) is a strictly convex function of «,
which takes a minimum.

Corollary 7.4 (1.) Given the metric my, there exists an isotopy class ~; in R U R’
such that the function
a = £(0;(mo, @), i)

is strictly increasing for v > 0.
(2.) The length £(0;(m, o), [K]]) tends uniformly to +oo as « tends to +oo or
—oo and m remains in a compact set.

Proof of corollary. (1.) Suppose that ¢(6;(m, «),[K}]) is increasing from
« = k, where k is an integer. We then take v; = p*([K!]) and apply remark (2)
above.

(2.) This is a general property of families of functions of a real variable
which are strictly convex and take a minimum, and which depend contin-
uously on a parameter (in the compact open topology). Let fy(z) be such a
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Figure 7.1: Proof of lemma 7.5

family, and let = m(\) be the point where the functions realize their mini-
mum. Then m()) is a continuous function. In effect, given ¢, if A is sufficiently
near to \g, one has

Ia(m(Xo)) < inf[fa(ma, —€), fa(ma, +€);

thus m(\) belongs to the open interval |m (o) — €, m(X\g) + €. Now let 25 >
m(Ao) and let K lie between fy,(m(Xo)) and fy,(zo). Then if X is sufficiently
close to A, one has fx(zp) > k and f) is strictly increasing on [z, +o00]; thus
fA([xo,—i-oo)) C]k,+00). I

Proof of proposition.

Lemma 7.5 Let vy be a line in the Poincaré half-plane, and let T be an isometry leav-
ing -y invariant. Let x be a point of y and y a point not on ~y. Then

d(z, 72) < d(y, Ty),
where d denotes hyperbolic distance.

Proof. One may take for = the base of the perpendicular « to y passing
through y. Then + is the unique common perpendicular of o and 7. This
gives the inequality. |

Lemma 7.6 Let y; and 2 be two lines which do not intersect in hyperbolic space.
The function d(x,y), € € y1, Yy € 2, is strictly convex.
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Proof. Let z, 2’ (resp. y,y') be two points of v; (resp. 72); without loss of
generality, suppose that z # 2'. Let i be the middle of the arc z2/, j the middle
of yy', 6 the geodesic 5. Denote by o; (resp. 0;) the symmetry with respect to i
(respectively j); 00, is an isometry which leaves § invariant. Let z = o0;(x),
2 =oj0i(2"), k = 0joi(i). Then o takes z to 2z’ and y to y'. Therefore

d(z,y) = d(y', 2).
The triangle inequality gives
d(z',2") <d(@',y") +d(y', 7).
By lemma 1, one has
2d(i,j) = d(i, k) < d(z', 7).

(Note that ; does not cut 72, hence the point z' is not on 4). Finally, we obtain
the inequality giving convexity:

2d(i, j) < d(z,y) +d(z',y).

Conclusion of proof of prop. 2

Since the surface given is equipped with the metric m and its universal
covering is identified with the hyperbolic space H?, there exists an element 7
of w1 (M, *) which acts as an isometry on H?, leaving invariant a line §, which
is the lift of the geodesic Kj. Let z be a point of § projecting to a point of
KN K;; denote by K the lift of K; by = and let K® denote the lift by 7. The
segment (z,7z) cuts exactly another lift K2 of K; in a point y. In figure 7.1,
we show the orientations which are given the three lifts.

If one twists the metric by an angle « in the collars indicated in figure 7.2,
the lift of the 0;(m, a)-geodesic of [K] cuts K! in a point z’ and K?in y'; it
is a line from z' to y' with the metric of the hyperbolic plane; but from y' to
7z’ its length is the hyperbolic distance d(y’ + a, 72" + «); in this formula, “+”
designates the translation along the geodesics K2 and K3. Finally, one has

U0;(m, ), [Ki])) = _inf _(d(z,y) +d(y + a, Tz + a)).
zeKlycK?
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Figure 7.2:

We now show that f(z,y,a) = d(z,y) + d(y + o, 7z + «) is a proper,
strictly convex function. For this, we use the fact that d(z, y) is proper, because
the lines on which the points are moved have a common perpendicular (at a
finite distance), and by lemma 2 it is strictly convex.

To show that f is proper, let (zy,yn, ) — o0; if (2n,yn) — oo then
d(zpn,yn) — +00; hence f(zy, yn, an) — +00. If (zp,y,) remains in a compact
set, then «;, — oo and (y,, +a,, T, +ay,) tends to oo, hence d(y, +ay,, T2, + )
tends to +-o00.

One verifies immediately that f is strictly convex.

For « fixed, the function f(z,y, a) has a minimum g¢(«) since f is proper.
The convexity of f implies that g is also convex; since g(«) is a value attained
by f(z,y, @), one verifies that g is strictly convex.

The function f has an absolute minimum (f is proper and bounded below;
it is the minimum of ¢.) |

Proposition 7.7 The map L: T — (R%)3973 is a principle fibration of the group
R3973 acting by 6.

Corollary 7.8 The Teichmiiller space of a closed surface of genus g is homeomorphic
to RIS,

Proof. The important point is to show that there exist local sections for L.
We know from theorem 5 in exposé 3 that, for the pair of pants P?, the map

H(P?) — (RY)?
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(which associates to a metric adapted to the boundary the lengths of the three
boundary components) admits local sections at the level of the metrics.

We know that to glue together two hyperbolic metrics along a geodesic, it
is enough to specify an isometry of the geodesic along which we glue. Now
if one has a metric on P? and if one considers a curve C on the boundary,
one has a unique geodesic arc without a double point which meets C' in its
two endpoints (an arc jaune'). By proposition 7.1, its origin (which one dis-
tinguishes from the other endpoint by an orientation chosen once and for all)
varies continuously with the metric.

The sought-for local section may now be obtained. Above the 3g—3 lengths
one chooses a metric with the following property: if K; is adjacent to R;, and
R;, the two origins on K of the arcs jaune of the two pairs of pants coincide.
In imposing this condition, we obtain a continuous local section.

Let D be a ball of (R* )?~3 over which L admits a section ¢. Define a map
T: D xR¥ 3 — T by

T(z,ai,...,a3g-3) :=0(0(x),0n,...,03-3)

It remains to show that 7" is a homeomorphism onto its image. Since 7 has
a countable neighbourhood base, it is enough to show that 7" is injective and
proper.

If the two metrics differ only by a twist, they are distinguished by a length
of a geodesic (corollary to proposition 2); this proves injectivity.

To simplify notation, let (a1, ..., a3y—3) be written as «. Let (", ") be a
sequence tending to infinity in D x R3973. The second part of the corollary
just cited forbids that the image under T of this sequence be a compact set in
Teichmiiller space. Hence 7' is proper. |

Theorem 7.9 The map (.: T — RS is a proper map which is a homeomorphism
onto its image.

We will actually prove a much stronger proposition, in terms of the system
of curves K;, K/, K" introduced in the preamble to proposition 2.

!Compare with the terminology of measured foliations (exposé 6).
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Proposition 7.10 The map A: T — ]Riig*g which associates to the point m € T
the triple (¢(m, [K;]), £(m, [K]]), £(m, [K]'])) is injective and proper (hence a hom-
eomorphism onto its image).

Proof. We choose a section s of the fibration L; that is, we write every
m € T in the form
m = 0(s(z), a)

where @ = (ay,...,a3,-3) € R¥73 is a “multi-angle” of twist, and where
z € (R%)3973 is the system of lengths of the curves K.

The variable z being fixed, the function ¢(m,[K]]) is a strictly convex,
proper function g;(«;) of the i-th component of «; furthermore, ¢(m, [K!]) =
gi(ci +1).

Lemma 7.11 If g: R — R is a strictly convex proper function then t — (g(t), g(t +
1)) defines a proper immersion of R into R?.

Thus the (6g — 6)-system (£(m, [K]]), £(m, [K!'])) is an injective proper function
of the multi-angle «. From this, it follows that A is injective.

To show that A is proper, we consider the sequence (zy,, o) tending to co.
If z,, tends to oo, it is clear that A(z,,, «;,) tends to oo; otherwise z,, remains in
a compact set and by corollary 7.4, the length of one of the curves K| tends to
infinity. |

We complete the theorem by the following proposition, following a proof
indicated by S. Kerckhoff. Recall that 7 denotes the projection RS \ {0} —
P(RS).

Proposition 7.12 The composite map m o £,: T — P(R%) is an injection.

Proof. We take for H? the half-plane model of Poincaré: {z + iy | y >
0}, with the metric ds := %‘ The group of isometries is SL(2,R)/{£Id}

az+b
cz+d*

where the action of A = | ¢ Z is given by z —
c

If Ais a hyperbolic element (i.e., it leaves invariant a geodesic), we define
the displacement

l(A) := inf d(z,A-2)
zeH?

displacement
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The minimum is attained on the invariant geodesic. |

Lemma 7.13 If A € SL(2,R) is hyperbolic, one has:

Tr(A) =2 cosh(@)

Proof. By conjugating within SL(2,R) we reduce to the case where the
invariant geodesic is the y half-axis. One then has

0
A:<g p1>, p>0

Consequently, A - i = p?i. Thus, we have

o) = dii. ) = [ =21og(p)

and
Te(A) =p+p ' = 2cosh(@)
|
Lemma 7.14 Let A, B € SL(2,R). One has
Tr(A) - Tr(B) = Tr(AB) + Tr(A ™' B)
This follows from a direct calculation. 1

Consider on the surface M two simple oriented curves y; and 2 which
intersect transversely in a base-point.

We may hence speak of the homotopy classes of the pointed loops ; *
72 and i ! % ; both are representable by simple curves y3 and 4. If M is
given a metric m of curvature —1, these elements of the fundamental group
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correspond to hyperbolic isometries of H? for which the displacement is ¢; :=
¢(m, [vi]). The preceding lemmas thus give the formulas

el 62 o £3 £4
2cosh(§) cosh(;) = cosh( 5 ) cosh( 5 )

and

b + 45 by — 4y

¢ 14
cosh( ) + cosh( ) = cosh(g) + cosh(f) (7.1)
(H) Suppose that there is another metric of curvature —1 for which the lengths
of all closed geodesics are multiplied by & # 1. For this metric, the equality ??

changes to

1+ 4 by — 1ty

cosh(k ) + cosh(k ) = cosh(k%) + cosh(k%) (7.2)

Lemma 7.15 Let o, 3,7, 6 be four non-negative numbers and let k > 0,k # 1. The
relations

cosh a + cosh # = coshy 4 cosh §
cosh ka + cosh k8 = cosh kv + cosh kd

imply that {a, B} = {,d}.

Proof. One may restrict to & > 1. The reader may check that the function
cosh(kArgcoshx) is a strictly convex function of z. Then, if ¢ is a common
value of the first inequality and if one sets z = cosh «, y = cosh~, the second
relation is

cosh(kArg coshx) 4 cosh(kArg cosh(c — x))
= cosh(kArg coshy) 4 cosh(kArg cosh(c — y))

One may suppose that y < z < ¢ —z < ¢ — y. If y < z, by strict convexity, the
left side is strictly less than the right. |

Consequently, (??) and (??) give

{1+ 03,01 — by} = {l3,44}
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By a change of notation, we may write
U3 =01 + Ly

Since the angle between ~y; and ~; is nonzero, it is not possible for ¢; + ¢,
to be a shorter distance; hence, the above inequality can’t be true, and the
hypothesis (H) is absurd.



Chapter 8

Thurston’s Compactification of Teichmdiller
Space

by A. Fathi and F. Laudenbach
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Chapter 9

Classification of Surface Diffeomorphisms

by V. Poénaru

9.1 Preliminaries

Let M be a closed, orientable surface of genus g > 1. Its compactified Teich-
miiller space 7 M is homeomorphic to D%9~°. The natural action of 7y (Diff (M))]]
on M and PMT (M) combine to give a continuous action on

TM =TMUPMF(M)

Let ¢ € Diff(M) and let [¢] be its isotopy class. By Brouwer’s fixed point
theorem, there is an = € TM such that [¢] - z = z.

If z is an element of 7 M, then x gives a hyperbolic metric on M, well-
defined up to isotopy, and ¢ is isotopic to an isometry in this metric. By theo-
rem ?? in exposé 3, ¢ is isotopic to a diffeomorphism of finite order.

If z belongs to the boundary of M, € PMF(M); the equality [¢] - z =
z tells us that there exists a measured foliation whose measure class in the
projective space P(RY) is preserved by ¢. [Notation: F denotes the foliation
and p denotes a transverse invariant measure on F. ] In other words, there
exists a measured foliation (F, ) and a scalar A € R4 such that

O(F, 1) ~m p(F, Ap) = MF, 1) 9.1)

Notes: (1) Here ~,, is the relation ‘equivalence in measure’ between mea-
sured foliations. Recall that

(-7:1,M1) ~m (727M2)

96
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tells us that the two measured foliations define the same functional in RS
(equivalence in the sense of Schwartz). By the results of exposé 6, this rela-
tion is the same as equivalence in the sense of Whitehead, defined in II.1 in
exposé 5.

(2) ¢(F, 1) denotes the image foliation of F under ¢, equipped with the
[image-direct] measure: the measure of a transverse arc « is the p-measure of
v~ ).

To go any further, I define a partial measured foliation of A, which is
given on a compact submanifold N of dimension 2, and by a measured folia-
tion (F', ') supported on N, satisfying the following:

(i) Every connected component of N is a cycle of leaves.

(ii) If ' is a component of N which bounds a disk in M \ int(V), then the
number of separatrices which belong to the set Sing(F' NI'), re-entrant in N,
is at least 2.

Given part of a measured foliation (F', 1) of M, we may “unglue” F along
all of the leaves which join the singularities, and “blow-up” the singularities
which are not touched by the connection. We obtain, then, a partial measured
foliation U(F, i), called the unglue of (F, 1), whose singularities are all on
the boundary. One easily verifies the following facts:

(@) ix(F, ) = i (U(F,p)) € RS

(b) if i*(Fth) = ’l'*(fg,ug), that is to say, if (.7:1,,ul) ~m (fg,ug), then
U(F1, p1) and U(Fa, o) are isotopic.

(c) We denote by SU(F, 1) the union of of the boundary components of
the support of U(F, ) which do not bound a disk in M. As an element of &,
BU (F, 1) does not depend on the measure class of (F, ).

In the spirit of 9.1, given by the fixed point theorem being considered,
there are three possibilities:

i) BU(F,pu) #0
ii) BU(F,p) =0 and X = 1.
iii) BU(F, ) = Dand X #£ 1

In the rest of this exposé, we will analyse the three cases. We show that (i)
is the “reducible” case, that (ii) is again a case of “finite order”, whereas case
(iii) is “pseudo-Anosov” (see exposé 1). The classification theorem is stated at
the end of section 9.5. In this exposé, the surfaces are always orientable, but

unglue
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the diffeomorphisms do not necessarily preserve orientation, which compli-
cates certain arguments, in particular lemma ??.

9.2 The reducible case: SU (1) # ()

The relation refmeasure-equivalence implies that U(p(F, ) and U(F, )
are isotopic. Hence, in &', we have the equality

5U(7:,M) = /B(U(]:v AM))

On the other hand,

PU(pU(F,n)) = (BU(F, 1))

BU(QDU(]:v AM)) = /BU(fvu))

Hence, the element 3(F, ) of S' is invariant under [¢], possibly with the various
components permuted.

In these conditions, ¢ is isotopic to a diffeomorphism ¢’ which leaves in-
variant the submanifold SU(F, 1). By cutting M along this family of curves,
we obtain a manifold (with boundary) W, possibly not connected, on which
¢ induces a diffeomorphism . We recommence an analogous study of ¢ by
applying Thurston’s theory of surfaces with boundary, which is sketched in
exposé 11. Observe that W is simpler that M in the sense that every compo-
nent of W has either smaller genus than M, or the same genus, but smaller
Euler characteristic, in absolute value. Hence, in a finite number of stages we
may give the structure of F up to isotopy.

9.3 Irrational Measured Foliations
By definition, a measured foliation (F, ;1) is irrational if SU(F, i) is empty.

Lemma 9.1 (1) If (F, i) is an irrational measured foliation, the compact invariant
set X, consisting of all singularities and the leaves joining any two singularities, does
not possess any contractible connected components.

(2) F does not possess any closed, smooth leaves.
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Proof. The manifold M — Supp U (F, i) collapses onto X, [as in] (1). Suppose
that I is a smooth leaf of (F,u); in fixing one of the sides of I" in M and
applying the stability lemma of exposé 5, one may find a maximal cylinder
®: T x [0,1] = M such that

1) (' x {0}) =T}
2) ®(I" x [0, 1]) is therefore an embedding of the chosen side of I'.

The genus being > 1, if the cylinder is maximal, then ®(I" x {1}) C X.
In view of 1), the invariant set ®: (I' x {1}) is collapsible and we may show
without difficulty that ®: (I x [0,1]) is a disk D? with spine ®(I" x {1}). As
there does not exist a measured foliation on D? such that 9D? is a leaf, the
existence of I' is absurd. Hence, every half-leaf of 7 which does not have a
singularity, is infinite. |

Remark. On the torus 77, by the definition, every foliation is irrational, whereasl
a foliation which satisfies the conditions of lemma 1 is conjugate to a linear
foliation with irrational slope.

Corollary 9.2 Under the same conditions as in the preceding lemma, there exists
(F', i), equivalent to (F, u), which does not possess any connections between sin-
gularities. This foliation is unique up to isotopy in its measure class.

Proof. We obtain (F', ') by collapsing every component of the F-invariant
set X described above. The result of collapsing remains unchanged, up to
isotopy, if we make a Whitehead smoothing on X. Uniqueness follows. |

Convention: In what follows, we will consistently represent a class of irra-
tional foliations by the canonical model described above.

Lemma 9.3 If (F, p) is the canonical model of a class of irrational measured folia-
tions and if o is a diffeomorphism such that @(F, p) ~m A(F, p) for some X in R,
then ¢ is isotopic to ¢’ such that

QOI(]:,,U«) = (-7:’ AM)

that is to say: ¢ takes leaves to leaves and, for every arc « transverse to F we have

u(@' ) = au(a).
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Figure 9.1: Figure 0.1

Note: if A > 1, this says that ¢ contracts the transverse distance (by a factor
of (1/X)), whereas if A < 1, this says that ¢ dilates the transverse distance (by
a factor of (1/X)).

Proof. The foliations ¢(F, ) and (F, A\u) are two canonical models of the
same type; hence they are isotopic. By changing ¢ by this isotopy, one obtains
the required ¢'. |

(F, )-rectangle Definition. Let (F,x) be any measured foliation. An (F, u)-rectangle (or
briefly, an F-rectangle), is the image of an immersion ¢: [0,1] x [0,1] — M
with the following properties:

(a) ¢[10,1[ x ]0, 1[ is a C*> embedding.

(b) p({t} x[0, 1]) is contained in a finite union of leaves and of singularities;
if t €]0, 1] then the image is contained in a single leaf.

(©) ¢([0,1] x {0}) and ¢([0, 1] x {1}) are transverse to the leaves.

For an F-rectangle R, I consider the decomposition 0R = 0rR U 0:R
where we define

9rR = p({0,1} x [0,1]) and 8, R = ¢([0,1] x {0,1}).

I will denote by 8% R and 0}-R the images respectively of {0} x [0,1] and
{1} x [0, 1]; an analogous notation will be used for 0. R. On the other hand, I
will find it convenient to write int R = ¢(]0, 1[x]0, 1[), which in general is not
the interior of the image; it is easy to see that int R and JR are disjoint.
good system  of Definition. A good system of transversals for F is a finite system 7 = {7; |

transversals

i € I} of simple arcs with the following properties:



May 30, 2002 (FLP — Exposé 9: Draft — RCSversion 1.3) 101

(a) every arc is transverse to F and may not meet a singularity at either of
its endpoints;

(b) Two arcs do not meet at a single endpoint; if this is a singularity, the
two arcs fall into two distinct sections.

Remark. One does not require that every arc contains a singularity.

Lemma 9.4 Given a measured foliation F and a good system of transversals T, there
exists a system of rectangles Ry, ..., Ry, with the following properties.

(1) int R; Nint R; = O for i # j.

(2) OSR; is contained in a single arc of T.

(3) Every 0% R; contains a point of Sing(F) U 07; in other words, every rectangle
R; is maximal with respect to condition (2).

(4) The two sides of every arc of T are covered by the rectangles.

The system (Ry, ... Ry) is unique.

Remark. It is very instructive to take a small transversal to an irrational folia-
tion of 7 and to construct the corresponding rectangles.

Example: Cut the manifold as indicated in figure 0.3.
Proof. We obtain a manifold with boundary M with a foliation F’ ; the bound-
ary 7' of M is the “dedouble” of 7. Consider the finite set Z of 7/, defined by
the following conditions:

(1) z € Sing(F");

(2) = is one of the points giving an extremity of 7.

(3) The departing leaves of x abut a singularity of 7, where a point which
gives an endpoint of 7.

By the Poincaré recurrence theorem (exposé 5), all leaves which depart
from a point of 7/ — Z return to 7' — Z.

For every component «; of 7' — Z, by the maximal rectangle lemma (ex-
posé 5), we may find a rectangle R; such that 9°R; = @; is the [attractor] of
another component of 7/ — Z. When we view these in M, the rectangles are
the desired rectangles. Uniqueness is left as an exercise. |

Lemma 9.5 If, in the hypothesis of lemma 3, F is an irrational foliation, then

RiU---URy =M.

dedouble
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Proof. In any case, the union of the R; is a closed F-invariant set. If the bound-
ary is not empty, there is a closed F-invariant set consisting of cycles of leaves.
If F is irrational, such a cycle cannot exist, hence the boundary is empty and
M =R;. |

Lemma 9.6 If F is an irrational foliation, every half-leaf L of F which does not lead
to a singularity is dense.

Proof. We claim that L is “infinite” (lemma 1). Let 7 be a small arc transverse
to F and Ry,..., Ry be the system of rectangles from lemma 3. By the above
lemma, |J R; = M and, since L is infinite, it contains the plaques in | Jint R;,
since L meets 7. Since 7 is arbitrary, L is dense. |

9.4 CaselIl: (F, ) is irrational and )\ = 1.
Lemma 9.7 If ¢ is a diffeomorphism and (F, pu) is an irrational foliation such that

p(F n) = (Fn)
then o is isotopic to a diffeomorphism of finite order which preserves (F, ).

Proof. In the neighbourhood of every singularity, I chose transverse arcs, one
in every sector, all of the same length with respect to the measure y, as indi-
cated in figure 0.4.

Seeing as A = 1, we may choose the system of arcs 7 in such a fashion that
after an possible isotopy of ¢, through diffeomorphisms which preserve F,
we have p(7) = 7.

Let Ry,. .., Ry be the system of rectangles associated to 7 (lemma 3). Since
(1) = 7 and p(F) = F, we have that every ¢(R;) is again an F-rectangle
satisfying condition (2) of lemma 3. It is easy to see that there exists a permu-
tation 7 of (1,..., N) such that p(R;) = R;;. In particular, ¢ transforms the
graph I' = [ J, A\OR; in the same way. Hence ¢ permutes the edges of I' among
themselves. Working with the cycles of this permutation we may isotope ¢
to ¢/, by diffeomorphisms which preserve F, such that ¢|T" is periodic and

¢'(R;) = Ryiy-
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Figure 9.2: Figure 0.2

Working with the cycles of 7, we may make a second isotopy to obtain a
periodic diffeomorphism, through diffeomorphisms which preserve F. |

Remark. Such a diffeomorphism always has a fixed point in 7M.

Indeed, if ¢ is of finite order, ¢’ is an isometry in a certain metric m (whose
curvature we cannot control); ¢ is hence an automorphism of the underlying
conformal structure. Furthermore, by the uniformization theorem cited in ex-
posé 7, underlying this structure there is a unique hyperbolic structure which,
as a consequence, is invariant under .

9.5 Case III; (F, pu) is irrational and A\ # 1

I will suppose now that we are in the situation where ¢(F, i) = (F, Au), with
A # 1, where F is a canonical model for a class of irrational foliations. By
changing ¢ to ¢! if necessary, we may assume that A > 1.

Lemma 9.8 The factor A (respectively 1/)) is an algebraic integer of degree bounded
by a quantity which is a function only of the genus of the surface.

Proof. There is a branched covering M over M in which (F, p) lifts to a closed
1-form w. If v is a loop of M — Sing(F), along which  is orientable, then ¢(v)
has the same property; it follows that ¢ lifts to a diffeomorphism 1 of the
open covering M |M — Sing(F). This prolongs to a diffeomorphism ¢ of M.
We have (¢ 1)*(w) = Aw.
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Hence A is an eigenvalue of an automorphism of H; (M, 7). Now, the rank
of the cohomology group is bounded by a quantity which depends only on
the genus of M. |

Lemma 9.9 Under the hypothesis given above, [even if it entails] changing ¢ by an
isotopy leaving F invariant, we may find a good system of transversals T with the
following properties.

(1) In every sector of a singularity, there is an arc of 7. (figure 0.4).

(2) o(T) C 1, that is to say, ¢ takes every arc of T into an arc of 7.

(3) If x € O1 — Sing(F), = belongs to the separatrices of a singularity; we denote
by F, the arc of the leaf joining x to Sing(F).

(4) Every separatrix contains an F,.

4) (UFz) C (U Fz)-

Proof. Since A > 1, ¢ contracts the transversals (see the definition of the direct
image of a measure). By modifying ¢ by an isotopy which preserves F, is is
easy to find a good system of transversals 7" which satisfies (1) and (2) and
which has the form of an arc in every sector. Let & be an arc of 7" and L a sep-
aratrix issuing from a singularity s; in view of the density of the semi-leaves,
there is, besides s, a first point of intersection of L with «. Considering all
of the separatrices, one obtains on ¢ a finite number of such points; we sub-
divide ' by these points, and shrink to a point the longest of the segments.
|



Chapter 10

Some dynamics of pseudo-Anosov
diffeomorphisms

by A. Fathi and M. Shub

We prove in this “exposé” that a pseudo-Anosov diffeomorphism realizes the
minimum of topological entropy in its isotopy class. In section 10.1 we de-
fine topological entropy and give its elementary properties. In section 10.2
we define the growth of an endomorphism of a group and show that the
topological entropy of a map is greater that the growth of the endomorphism
it induces on the fundamental group. In section 10.3, we define subshifts of
finite type and give some of their properties. In section 10.4, we prove that
the topological entropy of a pseudo-Anosov diffeomorphism is the growth
rate of the automorphism induced on the fundamental group, it is also log A,
where A > 1 is the stretching factor of f on the unstable foliation. In sec-
tion 10.5, we prove the existence of a Markov partition for a pseudo-Anosov
diffeomorphism, this fact is used in section 10.4. In section 10.6, we show that
a pseudo-Anosov map is Bernoulli.

10.1 Topological Entropy

Topological entropy was defined to be a generalization of measure theoretic
entropy [AKM65]. In some sense, entropy is a number (possibly infinite) which
describes “how much” dynamics a map has. Here the emphasis, of course,
must be on asymptotic behaviour. For example, if f: X — X is a map and
N, (f) is the cardinality of the fixed point set of f", then lim sup % log N,,(f) is
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one measure of “how much” dynamics f has; but, if we consider f x Rp: X X
T' - X — T tobe (f x Ry)(z,a) = (f(z),0 + o) where T' = R/Z and
6 is irrational then N, (f x Ry) = 0, and yet f x Ry should have at least as
“much” dynamics as f. Topological entropy is a topological invariant which
overcomes this difficulty.

We describe a lot of material frequently without crediting authors.
Definition. Let f: X — X be a continuous map of a compact topological
space X. Let A = {4;}icr and B = {Bj},c; be open covers of X. The open
cover {A; N Bj}icr jes Will be denoted by AV B. If A is a cover, N,(f,A)
denotes the minimum cardinality of a subcover of AV f~ 1AV f2AV---V
f"H A, and h(f, A) = lim sup % log N,,(f,.A). The topological entropy of f is
h(f) = sup 4 h(f, A) where the supremum is taken over all open covers of X.

Proposition 10.1 Let X and Y be compact spaces. Let f: X — X,g: Y — Y and
h: X — Y be continuous. Suppose that h is surjective and hf = gh:

X—X

then h(f) > h(g).
In particular, if h is a homeomorphism, then h(f) = h(g). So topological entropy
is a topological invariant.

Proof. Pull back the open covers of Y to open covers of X. |

For metric spaces, compact or not, Bowen has proposed the following defini-
tion.

Definition. Suppose f: X — X is a continuous map of a metric space X
and suppose K C X is compact. Let e be > 0. We say that a set £ C K is
(n,€)-separated if, given z,y € E with xz # y, there is 0 < 7 < n such that
d(fi(z), f'(y)) > e We let sk (n,e) be the maximal cardinality of an (n,¢)-
separated set contained in K. We say that the set F is (n, ¢)-spanning for K
if, given y € K, there is an z € E such that d(f*(z), f'(y)) < € for each i with
0 < i < n. We let ri(n,e) be the minimal cardinality of an (n, €)-spanning
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set contained in K. It is easy to see that rx(n,€) < sk (n,€) < rg(n,e/2). We
let 5k (e) = limsup 2 log s (n, €) and 7 (¢) = limsup L log 74 (n, €). Obviously
5k (e) and 7k (€) are decreasing functions of ¢, and 7x (¢) < 5x(€) < Tr(€/2).
Hence, we may define h (f) = lim, 0 5k (¢) = lim._,o 7k (¢). Finally, we put
hx(f) = sup{hk(f) | Kcompact C X}.

Proposition 10.2 [Bow70, Din71]. If X is a compact metric space and f: X — X
is continuous, then hx (f) = h(f).

Proof. The proof is rather straightforward. By the Lebesgue covering lemma,
every open cover has a refinement which consists of e-balls. |

The number hx (f) depends on the metric on X and makes best sense for
uniformly continuous maps.

Suppose that X and Y are metric spaces, we say that p: X — Y is a metric
covering map if it is surjective and satisfies the following condition: there
exists € > 0 such that, forany 0 < § < ¢,any y € Y and any = € p (y), the
map p: Bs(z) — Bs(y) is a bijective isometry (here Bj( ) is the J-ball).

The main example we have in mind is the universal covering p: M— M
of a compact differentiable manifold M.

Proposition 10.3 Suppose p: X — Y isametric coveringand f: X — X,¢: Y —
Y are uniformly continuous. If pf = gp, then hx (f) = hy (g).

Proof. It should be an easy estimate. The clue is that for £ > 0 and for any
sequence a,, we have limsup + log(¢a,) = limsupiloga,. If K C X and
K' C Y are compact and p(K) = K’, then there is a number ¢ > 0 such that
card(p~t(y)) < £ for all y € K'. In fact, we may choose ¢ such that, if § > 0
is small enough, then p~!(Bs(y)) N K can be covered by at most ¢ 24-balls
centered at points in p~!(Bs(y) N K.

By the uniform continuity of f, we can find a §y (< €) such that z,2’ € X
and d(z,z") < dp implies d(f(z), f(z')) < €, where € > 0 is the one given in
the definition of a metric covering. If 26 < Jy, it is easy to see that if £/ C K’
is an (n, §)-spanning set for g, then there exists an (n, 26)-spanning set £ C K
for f, such that card E < £ card E'. So, we have r(n,26) < ¢rg:(n,d), hence
T (f,20) <Txi(g,0) and hi (f) < hir(g)-

metric covering map
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On the other hand, if £ C K is (n,n)-spanning (with 0 < 1 < ¢) then
p(E) C K'is (n,n)-spanning. So rk+(n,n) < ri(n,n), hence hg'(g) < hi(f).
Consequently i (f) = hi(g). Since we sup over all compact sets and since
p is surjective, we obtain hx (f) = hy (g). |

We add one additional fact.
Proposition 10.4 If X is compact and f: X — X is a homeomorphism, then
h(f™) = Infh(f).

For a proof, see [AKM65] or [Bow70].

10.2 The Fundamental Group

Given a finitely generated group G and a finite set of generators G = {g1, ..., g, }|
of G, we define the length of an element ¢ of G by Lg(g) = minimum length
of a word in the ¢;’s and the g, l7g representing the element g.

It is easy to see thatif G’ = {¢},...,¢.} is another set of generators, then:

Lg(g) < (max Lg(g;)) Lg' ()

If A: G — G is an endomorphism, let:
1 1
4 := sup limsup — log Lg(A"g) = sup limsup — log Lg(A"g;).
geG n 9i€G n

So 4 is finite and by the inequality given above, v4 does not depend on the
set of generators.

Proposition 10.5 If A: G — G isan endomorphism and g € G, define gAg~": G —]
G by [gAg Y (z) = gA(z)g . We have y4 = YgAg-1-

Caution: (gAg—H)™ # gA"g™L.
First, we need a lemma.

Lemma 10.6 Let (ay,)n>1 and (b,),>1 be two sequences with a,, and b, > 0 and k
be > 0. We have:

i) limsup & log(ay + b,) = max(limsup  log ay, limsup = log by,)

ii) limsup % log ka,, = lim sup % log a,,

i) limsup L loga, < limsup 2 log(ai+- - -+ay) < max(0,limsup 1 log ay)
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Proof. Put ¢ = lim sup % log a and b = lim sup % log by,
(i) The inequality max(a,b) < limsup £ log(ay + by,) is clear.

If ¢ > max(a, b), then we can find ny > 1 such thatn > ng implies a,, < "¢
and b,, < e"¢. We obtain for n > ny:

1 1
“log(a, +b,) < — log(2e™
nog(a+ )_nog(e)

Hence lim sup % log(ap + by) < limsup L]og(2¢m°) = c.
(ii) is clear.
(iii) The inequality a < lim sup % log(a; + -+ + ay) is clear.

Suppose ¢ > max(0,a). We can find then ny > 1 such that a, < "¢ for
n > ng. We have for n > ng:

no—1 elntl-no)e _ 1
-+ ap < Z a; + Wenoc.
It follows clearly that lim sup %l(al +-4ay) <ec I
n

Proof. (Proposition 10.5). If z € G, we have:
(9Ag~")"(z) = gA(g) --- A" () A" (2) A" H(g™h) - A(g g

Suppose first that A" (g) = e for some ny, then it is clear by lemma 10.6 (i)
that:
hmsup log Lg[(gAg™")"(2)] < hmsup log Lg (A" (z)).

If A™(g) # e for each n > 1, we have Lg(A"(g)) 2 1, for each n > 1; hence
lim sup % log Lg(A™(g)) > 0. By lemma 10.6 (i) & (iii), we obtain:
lim sup — log Lg[(gAg~")"(z)] < max(lim sup — log Lg((A"(g)),lim sup log Lg(A™(x))) I

This gives us 7,441 < 74, and by symmetry, we have vy 441 = 4. |

For a compact connected differentiable manifold, we interpret (M) as
the group of covering transformations of the universal covering space M of
M.If f: M — M is continuous, then there is a lifting f: M — M.If f; and
f2 are both liftings of f, then fi = 6f, for some covering transformation 6.
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A given lifting f; determines an endomorphism f4 of 7, (M) by the formula
fia = fi4()fi for any covering transformation a. If f; and f, are two liftings
of f, then f; = 6f, for some covering transformation 6 and fia = 0fsa =
0 fou () fo = 0 fou ()01 f1, 50 f14 = 0f2,60 ! and Y, =V, Thus, we may
define vy, = VF, for any lifting : M — M of f.If f has a fixed pointmgy € M,
then there is also a map fx: w1 (M, mg) — w1 (M, mg). The group w1 (M, mo)
is isomorphic to the group of covering transformations of M and f may be
lifted to f such that fy: 7 (M) — 7, (M) is identified with fyu: 7 (M, mg) —
m1(M,my) by this isomorphism. Thus v, makes coherent sense in the case
that f has a fixed point as well.

We suppose now that M has a Riemannian metric and we put on M a
Riemannian metric by lifting the metric on M via the covering map p: M —
M. The map p is then a metric covering and the covering transformations are
isometries. We have the following lemma due to Milnor [Mil68].

Lemma 10.7 Fix zo € M. There exist two constants cy,co > 0 such that for each
g € (M), we have:

c1Lg(g) < d(zo,9z0) < caLg(g)

Proof. [Mil68]. Let § = diam(M), and define N € M by N = {z € M |
d(w,r9) < 0}. We have p(N) = M. Remark that {gN } sc (ar) is a locally finite
covering of M by compact sets. Choose as a finite set of generators G = {g €
71 (M) | gNNN # 0} and notice thatg € G <= g¢~! € G. Suppose Lg(g) = n,
then we can write g = g; - gn, with g;N N N # (. It is easy to see then that
d(xp,gzp) < 2dn. Hence, we obtain:

d(wo, gw0) < 20Lg(g)

Now, put v = min{d(N,gN) | N NgN = 0}, by compactness v > 0. Let
k be the minimal integer such that d(zo, gzy) < kv. Along the minimizing
geodesic from z to gz, take k£ + 1 points yp = zo,y1, - -, Yk—1, Yk = gZo such
that d(y;,yi11) < v fori = 0,...,k — 1. Then, for 1 < ¢ < k — 1, choose
Y, € N and g; € G such that y; = g¢;y; and put go = e and g; = g. We have
d(g:y}> giv1¥i4,) < v, hence g7 g1 € G. From g = (g5 g1) -~ (9" ,9x), we
obtain Lg(g) < k.
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Since k is minimal, we have:

1 1 1
Lg(g) < =d(z0,g20) +1 < (= + —)d(z0, g20)
v v
where p = min{d(zo, gzo) | g # €,9 € 1 (M)}. |

Consider now f: M — M and let f: M — Mbea lifting of f. Applying
the lemma above, we obtain, for each 2y € M:

1 N
= max limsup—logd(zg, f% .
Ty = Iax limsup © log (20, fl(9)70)

We next prove the following lemma:

Lemma 10.8 Given z,y € M, we have:

limsup = log d(f" (=), /" ()) < h(f).

n
Proof. Choose an arc « from z to y. If y1,...,ys € ais (n + 1, ¢)-spanning for
aand f, then f™(a) C U, B(f™(yi),€). Since f™(e) is connected, this implies
diam(f™(er)) < 2el. Hence:

d(f™(x), " (y)) < 2e.
By taking / to be minimal, we obtain
d(fn(x), fn(y)) < ZETa(n + 1, 6).

From this, we get:

lim sup 1 log d(f™(z), f™(y)) lim sup 1 log[2erq(n + 1,€)] = 7al€)

n—oo T n—oo T

ha(f) < h(f) = b(f)-

IA

IA

We are now ready to prove:

Theorem 10.9 If f: M — M is a continuous map, then:

h(f) > Y1y
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Proof. Since vy, = ma()i/l) [lim sup % log d(xg, fg& (g9)zo], we have to prove that
gET]L

foreach g € m (M),
lim sup + log d(zo, /3 (g)0) < h().
We have:
d(wo, fi(9)w0) < d(wo, f"(x0))+d(f" (w0), Fi(9) F"(@0))+d(f%(9) /" (z0), Fi4(g)m0) ]

Since f#(g) " = fg, and the covering transformations are isometries, we
obtain:
d(zo, f(9)z0) < 2d(z0, f"(20)) + d(f"(20), f"(920))-

Remark also that:

d(zo, f(0)) < d(zo, f(20)) + d(f (w0), f*(x0)) + -+ d(f" " (o), [ (w0))-

By applying lemma 10.8 and lemma 10.6 (together with the fact 2(f) > 0), we
obtain: )
limsup — log d(zo, f#(g)0) < h(f).

The proof of the following lemma is straightforward.
Lemma 10.10 If G and G are finitely generated groups, if A: G1 — G, B: Gy —
Gy and p: Gy — G4 are homomorphisms with p surjective and pA = Bp:

p

Gy Gy 0
G, =22 G 0

then, ya > vgB.

Applying this lemma to the fundamental group of M mod the commuta-
tor sub-group, we have

m(M) —2— H{ (M) ——0

e

m(M) —2— H{ (M) ——0
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so we obtain Manning’s theorem [Man75].

Theorem 10.11 If f: M — M is continuous, then h(f) > vy, = maxlogX,
where X\ ranges over the eigenvalues of f..

Remark 1. For a € 71 (M, mg), we denote by [a] the class of loops freely homo-
topic to . If M has a Riemannian metric, let /([«]) be the minimum length of
a (smooth) loop in this class. If f: M — M is continuous, f[a] is clearly well
defined as a free homotopy class of loops. Let G f([a]) = lim sup  log[¢(f"[])]

and let Gy = sup,, Gf([a]).

Itis not difficult to see that Gy < vy, In fact, we have £(f"[a]) < d(y, fg& (a)xo],l
since the minimizing geodesic from z; to f;@(a)xg has an image in M which
represents f"[a].

Remark 2. It occurred to various people that Manning’s theorem is a theorem
about 7. Among these are Bowen, Gromov and Shub. Manning’s proof can
be adapted. The proof above is more like Gromov [Gro] or Bowen [Bow70],
but we take responsibility for any error. At first, we assumed that f had a
periodic point or we worked with G . After reading Bowen'’s proof [Bow7§],
we eliminated the necessity for a periodic point.

Remark 3. If z € M and p is a path joining z to f(x), we call px the homo-
morphism 7 (M, f(x)) — m (M, ). Since fu: m(M,z) = 71 (M, f(x)), the
composition

pufas 1] = [0~ el

is a homomorphism of 7 (X, z) into itself. This homomorphism can be identi-
fied with f# for a lifting f of f. Thus our result is the same as Bowen’s [Bow78].

10.3 Subshifts of finite type

Let A = (a;j) be a k x k matrix such thata;; = 0 or 1, for 1 < 4,5 < k, that
is A is a 0 — 1 matrix. Such a matrix A determines a subshift of finite type
as follows. Let Sy, = {1,...,k} and let X(k) = [[:Z>°_S!, where S} = S

for each ¢ € Z. We put on S, the discrete topology and on Y (k) the product
topology. The subset ¥4 C X(k) is the closed subset consisting of those bi-

infinite sequencesb = (b,),,c7 such that ay;,,, = 1 forall i € Z.

41
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Pictorially, we imagine k boxes 1,2,...,%k and a point which at discrete
“time n” can be in any one of the boxes. The bi-infinite sequences represent
all possible histories of points. If we add the restriction that a point may move
from box i to box j, if and only if a;; = 1, then the set of all possible histories
is precisely X 4.

The shift 04: X4 — X4 is defined by 04[(bn),,cz] = (b},),c7 Where b, =
bp41 for each n € Z. Clearly, o4 is continuous. Let C; C ¥ (k) be defined by
C; = {5 € Z(k) | To = ’L} Let D; = C; N Xy, then D = {Dl,...,Dk}
is an open cover of ¥4 by pairwise disjoint elements. For any k& x k& ma-
trix B = (b;;), we define the norm ||B|| of B by ||B|| := Zf’j:l |bijl. It is
easy to see that Nj,(c4,D) = mincard(D V --- V ¢,""D) < ||[A""!|| be-
g
ig € {1,...,k},ip = i,in = j and aj,,,, = 1. So limsup & log(N,(c4,D)) <
limsup 1 log [|A"~!|| = lim sup log || A" ||'/". This latter number is recognizable

cause the integer a,.’ is equal to the number of sequences (iy,...,i,) with

as log(spectral radius A) or log A, where X is the largest modulus of an eigen-
value of A. In fact, we have:

Proposition 10.12 For any subshift of finite type c.4: ¥4 — X4, we have h(oa) =
log \, where X is the spectral radius of A.

Proof. We begin by noticing that each open cover U of ¥ 4 is refined by a cover

¢ .
of the form \/ o ,"D. This implies, with the notations of section 10.1:

i=—t
n+4 ' n+24 '

Nu(oa,U) < card( \/ o’D) = card( \/ 0;’D) = Nysars1(0a, D)
j=—t j=0

Hence, we obtain: h(oa,U) < h(o 4, D). This shows that h(c4) = h(oa, D).

We now compute h(o 4, D). We distinguish two cases.
First case. Each state i = 1,...,k occurs. This means that D; # () for each
D; € D. Itis not difficult to show by induction that we have in fact

Npii(0a,D) =card(DV ---Vo"D) = || A".

This proves the proposition in this case, as we saw above.
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Second case. Some states do not occur. One can see that a state ¢ occurs, if,
and only if, for each n > 0, we have:

k k
Za%?) >0 and Zaﬁ?) >0

j=1 j=1
where A" = (az(?)).
Notice that if Y5, al(;”o) = 0 then Y%, al(-;-l) = 0 for all n > nyg. This is
because each ay,, is > 0.
Now, we partition {1, ..., k} into three subsets X, Y, Z, where:

k k
X = {i|vn20Ya >0 and > al¥ >0}

7j=1 j=1
k k
Y = {i|3n>02a£§b):0} = {i|forn large Zal(?)zo}
j=1 J=1
Z = {1,...,k} —(XUY).
We have: )
Z C {i | for n large Zag-?) =0}
j=1
By performing a permutation of {1, ..., k}, we can suppose that we have the
following situation:
{1,...,6,t+1,...,8,s+1,...,k}
S—— ~~ = - ~~ ~
X Y z

If Bis a k x k matrix, we write:

Bxx Bxy Bxz
B=| Byx Byy Byz
Byzx Bzy Bgyzz
where By, corresponds to the subblock of B having row indices in K and

column indices in L.
It is easy to show that:

Nyyi1(0a,D) = card(DV --- V0 ,"D) = [|A% x|l.
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On the other hand, by the definition of Y and Z, for n large, A™ has the form:

(A")xx (A")xy 0
A" = 0 0 0
A" zx (A")zy O

This implies that for n large, A" and (A")x x have the same non-zero
eigenvalues, in particular

log(spectral radius A y) = nlog A.
Remark also that we get, for n large and & > 1:
(A" x x = [(A")xx]"

This gives us, for n large:

i x| = o

lim sup log Ngp11(o4,D) = limsup
k—oo kn+1 n-l—( ) k—oo km

This implies that:

1
log A < h(oa,D) = limsup — log Ny,(04,D)

n—oo T

As we showed the reverse inequality, we have:

logA = h(oa,D) = h(ca).

10.4 The entropy of pseudo-Anosov diffeomorphisms

Now we suppose that we have a compact, connected 2-manifold M without
boundary with genus > 2, and a pseudo-Anosov diffeomorphism f: M —
M. Hence there exists a pair (FY,uY) and (F°,u®) of transverse measured
foliations with (the same) singularities such that f(F°, %) = (F¥, 1) and
f(FU uY) = (FY,  \uY) where A > 1. This means, in particular, that f pre-
serves the two foliations F° and FY; it contracts the leaves of F5 by % and it
expands the leaves of FU by .



May 30, 2002 (FLP — Exposé 10: Draft - RCSversion 1.2) 117

Let us recall that for any non-trivial simple closed curve a we have log A =
G t(a) (see proposition ??), hence we get log A < G;. [For the definition of Gy,
look at the end of section 10.2.]

Proposition 10.13 If f: M — M is pseudo-Anosov, then h(f) = ~y,. So in
particular, f has the minimal entropy of anything in its homotopy class. Moreover
h(f) = log X where X is the expanding factor of f.

Proof. Since Gy > log ), it suffices to show that h(f) < log A for a pseudo-
Anosov diffeomorphism f. To do this, we find a subshift of finite type o4 : ¥4 —J
¥4 and a surjective continuous map ¥4 — M such that:

EAL}EA

.

M—M

and log(spectral radiusA) = h(o4) = log A for this same . Thus we will have
log A < Gy <5, <h(f) <h(oa) orlog A <h(f) <logA. i

In the following, we construct A and ¢ via Markov partitions.

First some definitions.
Definition. (compare chapter 8). A subset R of M is called a (F¥, FU)-rectangle J5, 7V rectangc
or birectangle, if there exists an immersion ¢: [0, 1] x [0, 1] — M whose image birectangle
is R and such that:

e ¢(]0,1[x]0, 1] is an embedding;

o Vt € [0,1], p({t} x [0,1]) is included in a finite union of leaves and sin-
gularities of %, and in fact in one leaf if ¢ €]0, 1|

e Vt € [0,1], ([0, 1] x {¢t}) is included in a finite union of leaves and sin-
gularities of FV, and in fact in one leaf if ¢ €]0, 1].

We adopt the following notations: int R = ¢(]0, 1[x]0, 1[), 9%s R = ¢({0} x
[0,1]), 0%s R = ({1} x [0,1]), ds R = 8%s RUJ}-s R and in the same way, we

define 9%, R, 9%y R, Oxv R.
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Figure 10.1:

Remark that int R is disjoint from 0zs R U Ozv R, because ¢|]0,1[x]0, 1] is
an embedding.

We call a set of the form ¢({t} x [0,1]) (resp. #([0,1] x {t}) ) a F°-fiber,
(resp. a FU-fiber) of R. We will call a birectangle good if ¢ is an embedding.

If R is good birectangle, a point = of R is contained in only one F*-fiber
which we will denote by F°(z, R). In the same way, we define Y (z, R).

Remark 1. If R is a FU-rectangle (see chapter 8) and 9°R and 9! R are con-
tained in a union of F*-leaves and singularities, it is easy to see that R is in
fact a birectangle.

Remark 2. We used the word birectangle instead of rectangle, even though
rectangle is the standard word in Markov partitions, because this word was
already used in chapter 8.

Remark 3. If R; and R, are birectangles and R; N Ry # 0 then it is a finite
union of birectangles and possibly of some arcs contained in (0zs RUJzv R)N
(0rs RU OFu R).

Moreover the birectangles are the closures of the connected components
of int R1 N int RQ.

If R is a birectangle, we define the width of R by:
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W(R) = max{uY (F5-fiber), ¥ (FV-fiber)}.

Lemma 10.14 There exists ¢ > 0 such that, if R is a birectangle with W(R) < e,
then it is a good rectangle.

Proof. [Sketch] If a birectangle is contained in a coordinate chart of the foli-
ations, then it is automatically a good birectangle. The existence of € follows
from compactness. |

Lemma 10.15 There exists e > 0 such that if « (resp. ) is an arc contained in
a finite union of leaves and singularities of F° (resp. FV) with uY(a) < e (resp.
1 (B) < e), then the intersection of o and B is at most one point.

Definition. A Markov partition for the pseudo-Anosov diffeomorphism f: M —sfov partition
M is a collection of birectangles R = { Ry, ..., Ry, } such that

L. U R =M;
2. R;is a good rectangle;
3. int R; Nint R; = () for ¢ # j;
4. If zisin int(R;) and f(x) is in int(R;), then
f(F3(z, Ry)) € F¥(f(2),Ry), and fH(FU(f(2), R))) C FV(x, Ry);
5. If zisin int(R;) and f(x) is in int(R;), then

f(FY (@, R))N(R;) = FY(f(x),R;) and f~'(F*(z,R;))NR; = F5(z, Ri){}

This means that f(R;) goes across R; just one time.

We will show in next section how to construct a Markov partition for a
pseudo-Anosov diffeomorphism.

Given a Markov partition R = (R, ..., Ry}, we construct the subshift of
finite type ¥ 4 and the map h: ¥4 — M as follows. Let A be the k£ x k matrix
defined by a;; = 1if f(int R;) Nint R; # (), and a;; = 0 otherwise. Ifb € ¥4
then ;.7 f'(Ry,) is non-empty and consists in fact of a single point. This
will follow from the following lemma.



120 (FLP — Exposé 10: Draft — RCSversion 1.2) May 30, 2002

Figure 10.2:

Lemma 10.16 i) Suppose a;; = 1, then f(R;)NR; is a non-empty (good) birectangle
which is a union of FUfibers of R,;.

ii) Suppose moreover that C' is a birectangle contained in R; which is a union
of FU-fibers of R;, then f(C) N R; is a non-empty birectangle which is a union of
FUfibers of R;.

iii) Given b € 4, for each n € N, f *(Rs,) is a non-empty birectangle.

i=—n

Moreover, we have W(Ni__, f 4(Rp;)) < A" max{W(R1),..., W(R)}.

1=—n

Proof. Since a;; = 1, we can find = € int(R;)Nf~!(int R;). We have f(F°(z, R;)) C||
F3(f(x), Rj) C R;.Since each FV-fiber of R; intersects F°(z, R;), we obtain
that the image of each F U_fiber of R; intersects R;. Moreover, by condition

5), f[Ri — 07vR;] N R; is an union of FV-fibers of R;, hence f(R;) N R; =
f(R; — 0rvR;) N R, is also a union of FU-fibers of R;. This proves i). The
proof of ii) is the same.

To prove iii), remark first that it follows by induction on n using ii) that
each set of the form f" Ry, N f™ (R, ,
which is a union of FV-fibers of Ry, , . In particular, \__, f~*(Rs,) is a non-
empty birectangle in R;,. The estimate of the width is clear. |

)N---NRy,, . is a non-empty birectangle

By the lemma, if b € ¥4 the set ;.7 f *i(Rbi) is the intersection of a de-
creasing sequence of non-empty compact sets, namely thesets (! f *i (Rsp,)
forn € N.

Hence ;.7 f " (Ry,) is non-void. It is reduced to one point because W((,.7, f " (Ry,))|
tends to zero as n goes to infinity.

The map 0: $4 — M given by 6(b) = ;7 f “(Rs,) is well defined, it is
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easy to see that it is continuous and that the following diagram commutes

ZAL)ZA

;o

M—M

We show now that 6 is surjective. First remark that, for eachi = 1,... %
the closure of int(R;) is R;. Hence V = Ule int(R;) is a dense open set. By
the Baire category theorem U = [,z f7(V) is dense in M. If z € U, then
for each n € 7, the point f"(z) is in a unique int(Ry,) and b = {b, },c7 is an
element of ¥ 4. It is clear that §(b) = z. Thus §(X4) D U. As ¥4 is compact
and h continuous, we have (X 4) = M.

Up to now, we have obtained that

log A < Gy < vy, < h(f) < h(oa) = log(spectral radius of A)
All that remains is to show that:
(spectral radius of A) = A.

To see this, we do the following thing. Put y; = Y ((F°-fiber of R;)), it is clear
that this quantity is independent of the F*-fiber of R; and also y; > 0.
We have trivially the following equality:

k
Yi

Y; = Z Xaij

i=1

which gives:

k
Nyj =Y yiai

i=1

[in particular ) is an eigenvalue of A.] Hence. we obtain
k
Ayj > <Z1 aij) min y;
1=

This gives us:

(Y w5) 2 114] miny,
J



122 (FLP — Exposé 10: Draft — RCSversion 1.2)

where || || is the norm introduced in section 10.3.
In the same way, we obtain for each n > 2:

XD yi) = 147 || miny,
J

Hence: ) o
2> ||An||1/n<m1n(y17--'7yk)) )
Zj Yj

Since min(yy, ...,yx) > 0,

i y 1/n
We thus obtain:
A > lim ||A"||Y/™ = spectral radius of A.
n—0o0

Since A is an eigenvalue of A, we obtain:

A = spectral radius of A.

May 30, 2002

10.5 Construction of Markov partitions for pseudo-Anosov diffeo-

morphisms

In this section, we still consider f: M — M a pseudo-Anosov diffeomorph-
ism and we keep the notations of the last section. We sketch the proof of the

following proposition.

Proposition 10.17 A pseudo-Anosov diffeomorphism has a Markov partition.

Proof. Using the methods given in section ??, it is easy, starting with a family
of transversals to FV contained in F°-leaves and singularities, to construct a

family R of FV-rectangles Ry, ..., R, such that

O U R =M
(ii) E‘E(Rl) Nint(R;) = 0 for i # j;

(i) fH(Uiss 9r0 Ri) C Uisy Oro Ry, f(Uiy 075 Ri) € Uiz, Ors Ry,
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By the remark following the definition of birectangles, the R;’s are birect-
angles since the system of transversals is contained in F°-leaves and singu-
larities.

We define for each n a family of birectangles {RR,,} in the following way:
the birectangles of {R,,} will be the closures of the connected components of
the non-empty open sets contained in

n n
\ fR° = { () fiint Ry,) | Ry, € R}
1=—n 1=—n

It is easy to see that R,, still satisfies the properties (i), (ii) and (iii) given
above. Moreover, if R € R,,, we have W(R) < A " max{W(R;) | R; € R}.In
particular, by lemma 10.14 of last section, for n sufficiently large, each birect-
angle R in R,, is a good one.

We assert that for n sufficiently large R,, is a Markov partition. All that
remains is to verify properties (4) and (5) of a Markov partition. It is an easy
exercise to show that property (4) is a consequence of property (iii) given
above (see lemma ??). By lemma 10.15, if n is sufficiently large and R, R' €
Rn, thenif x € R, f(FY(z, R)) intersects in at most one point each F*-fiber
of R'. Property (5) follows easily from the combination of this fact and of

property (4). |

Example of Markov partition on 7. Let A: 7% — T2 be the linear map de-

fined by
A:<2 1).
11

Here 72 = R?/7?; and A acts on R preserving 7, thus A defines a map of T
The translates of the eigenspaces of A foliate 7". The map A on 7" is Anosov.
3+v5

The foliation of 7" corresponding to the eigenvalue =% is expanded, the fo-

liation corresponding to 3*2—‘/5 is contracted.

We draw a fundamental domain with eigenspaces approximately drawn
in (see figure 10.3.)

The endpoints of the short stable manifold are on the unstable manifolds
after equivalences have been made. Filling in to maximal rectangles gives us
the picture in figure 10.4.
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Figure 10.3:

Figure 10.4:

The hatched line is the extension of the unstable manifold. Identified pieces
are numbered similarly. One rectangle is given by 1,2,3,6 and the other by 4,5.
This partition in two rectangles gives a Markov partition by taking intersec-
tions with direct and inverse images.

The construction of the Markov partition of a pseudo-Anosov diffeomorph-
ism f: M, which preserves orientation and fixes the prongs of ° and FY, is
the same as in the example above. We sketch here the argument, hoping that
it will aid the reader to understand the general case.

Since the unstable prongs are dense, we may pick small stable prongs
whose endpoints lie on unstable prongs.

Roughly, the picture is as shown in figure 10.5.

We may extend these curves to maximal birectangles leaving the drawn
curves as boundaries. By density of the leaves, every leaf crosses a small sta-
ble prong, so the rectangles obtained this way cover M2. The extension pro-
cess requires that the unstable prongs be extended perhaps but the extension
remains connected. Thus we have a partition by birectangles with boundaries
the unions of connected segments lying on stable or unstable prongs. Conse-
quently an unstable leaf entering the interior of a birectangle under f can’t
end in the interior, because the stable boundary has been taken to the stable
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Figure 10.5: Small stable prong

boundary, etc. ..

Figure 10.6:

The only thing left is to make the partition sufficiently small. To do this,
it is sufficient to take the birectangles obtained by intersections f™"R V --- V
RV - f*(R) for n sufficiently large.

10.6 Pseudo-Anosov diffeomorphisms are Bernoulli

A pseudo-Anosov diffeomorphism f: M — M has a natural invariant prob-
ability measure i which is given locally by the product of y° restricted to
plaques of 7* with Y restricted to plaques of V. The goal of this section is
to sketch the proof of the following theorem.

Theorem 10.18 The dynamical system (M, f, j1) is isomorphic (in the measure the-
oretical sense) to a Bernoulli shift.
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Recall that a Bernoulli shift is a shift (X(¢), o) together a measure v which
is the infinite product of some probability measure on {1,...,¢}. Obviously,
v is invariant under o, see [Orn74], [Sin76b].

We will have to use the notion and properties of measure theoretic en-
tropy, see [Sin76b]. We will also need the following two theorems on subshifts
of finite type.

Let A be a k x k matrix and (3, 04) be the subshift of finite type obtained
from it.

Theorem 10.19 (Parry [Par64]) Suppose that A has all its entries > 0 for some n.
Then, there is a probability measure v, invariant under o 4 such that the measure
theoretic entropy h,, (0 4) is equal to the topological entropy h(o 4). Moreover, v 4 is
the only invariant probability measure having this property, and (¥a,04,v4) is a
mixing Markov process.

Theorem 10.20 (Friedman-Ornstein [Orn74]) A mixing Markov process is iso-
morphic to a Bernoulli shift. In particular, the (£ 4,04, v4) above is Bernoulli.

Now we begin to prove that (M, f, ) is Bernoulli. For this, we will use
the subshift (X 4,04) and the map 0: (£4,04) — (M, f) obtained from the
Markov partition R = {Ry,..., R;}.

Lemma 10.21 There exists n > 1 such that A™ has entries > 0.

Proof. Given R;, we can find a periodic point z; € R, call n; its period. Con-
sider the unstable fiber FY(z;, R;); we have, for £ > 0, f(FY(z;, R;)) C
fU (.TZ', Rl)
Moreover the p°-length of f% (FY (z;, R;)) is A" u%(FY (2, R;)). This im-
plies that
FFY (@, R)NR; #0 Vj=1,...,k,

n=>~«- Hle n; with £ large enough, we get f(R;) N R; # 0 for each pair (4, j).
Hence, we obtain that agb) > 0 for each (4,7), where A" = (al(?)) |

This lemma shows that (¥4,04,74) is Bernoulli by the results quoted
above. All we have to do now is to prove that (M, f,x) is isomorphic to

(X4,04,v24).
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Lemma 10.22 The measure theoretic entropy h,(f) is log A.

Proof. Since topological entropy is the supremum of measure theoretical en-
tropies (see [Bow?70], [Goo71]), we have h,(f) < log A. Consider now the par-
tition R° = {int R;}; its p-entropy h,(f, R°) with respect to f is given by:

o : 1 -n —n
hu(f.R®) = Tim == " )X i log(A "yi)

where y; = pY (F°fiber of R;) and z; = p¥ (FU-fiber of R;). As we saw at the

al™ n ;
i < 12" is bounded (by %), This implies:

/AR —  An min y;

end of section 10.4

1 n
lim —— Z agj)A_"yixj log y;z; = 0.

n n

We have also:

Z“z(?)’\fnyiwj = yjzy = u(R3) = p(M) =1

By putting these facts together, we obtain: h,(f,R°) = log A\. Hence, h,(f) =
log A, because log A = h,(f,R°) < h,(f) < h(f) =logA. |

Proof. Proof of the theorem. Put 0R = Ule OR;, we have (0R) = 0. This im-
plies that the set Z = M — .7 f*(9R) has i-measure equal to one. We know
by section 10.4 that § induces a (bi-continuous) bijection of ~1(Z) onto Z, we
can then define a probability measure v on ¥4 by v(B) = u(0([0 1 (Z)NB]) for
each Borel set B C X 4. Itis easy to see that v is 0 4 invariant; moreover, 6 gives
rise to a measure theoretic isomorphism between (X4, 04,v) and (M, f, ). In
particular h,(04) = h,(f) = log A. Since log A is also the topological entropy
of o4 we obtain from Parry’s theorem that v = v4 and that (X 4,04,v) is
a mixing Markov process. By the Friedman-Ornstein theorem, (X 4,04, v) is
Bernoulli, hence (M, f, 1) is also Bernoulli. |



Chapter 11

Thurson’s theory for Surfaces with Boundary

by E. Laudenbach

128



Chapter 12

Uniqueness theorems for pseudo-Anosov
diffeomorphisms.

by A. Fathi and V. Poénaru

129



Chapter 13

Construction of pseudo-Anosov
diffeomorphisms.

by E. Laudenbach

130



Chapter 14

Fibrations of S! with Pseudo-Anosov
Monodromy

by David Fried

We will develop Thurston’s description of the collection of fibrations of a
closed three manifold over S!. We will then show that the suspended flows of
pseudo-Anosov diffeomorphisms are canonical representatives of their non-
singular homotopy class, thus extending Thurston’s theorem for surface home-
omorphisms to a class of three dimensional flows. Our proof uses Thurston’s
work on fibrations and surface homeomorphisms and our criterion for cross-
sections to flows with Markov partitions. We thank Dennis Sullivan for intro-
ducing Thurston’s results to us. We are also grateful to Albert Fathi, Francois
Laudenbach and Michael Shub for their helpful suggestions.

A smooth fibration f: X — S' of a manifold over the circle determines
a nonsingular (i.e., never zero) closed 1-form f*(df) with integral periods.
Conversely if w is a nonsingular closed 1-form and X is closed, then the map
f(z) = [, w from X to R/periods(w) will be a fibration over S* provided
the periods of w have rational ratios. For since 71 X is finitely generated, the
periods of w will be a cyclic subgroup of R (not trivial since X is compact and
f open) and we have R/periods = S*. By constructing a smooth flow 1) on X
with w(%) = 1, we see that f is a fibration. The relation of nonsingular closed
1-forms to fibrations over S! is very strong indeed, as the following theorem
(which gives strong topological constraints on the existence of nonsingular
closed 1-forms) indicates.

Theorem 14.1 ([Tis70]) For a compact manifold X, the collection C of nonsingular

131
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classes, that is the cohomology classes of nonsingular closed 1-forms on X, is an open
cone in HY(X;R) — {0}. The cone C is nonempty if and only if X fibers over S.

Proof. The openness of C follows easily from de Rham’s Theorem. If 1, ..., 74
are closed 1-forms that span H'(X;R) and if wp is a closed 1-form, then the
forms w, = w, + Zle a;ni, lai| < € represent a neighborhood of [wp] in
H!(X;R). If wp is nonsingular and e sufficiently small, then the w, are non-
singular. The forms Aw,, with A > 0 represent all positive multiples of [w,], so
C is an open cone.

Choosing a so that the periods of w, are rationally related, we see that X
fibers over S'. We already noted that 0 ¢ C. |

In dimension 3, Stallings characterized the elements of C N H'(X;Z) C
H'(X;R). We note that if X is closed, connected and oriented and does fiber
over S! with fibers of positive genus, then X will be covered by Euclidean
irreducible space R?. Thus X will be irreducible, that is, every sphere S? embedded in
X must bound a ball (this follows from Alexander’s theorem showing R? is
irreducible). We assume hence-forward that M is a closed, connected oriented
and irreducible 3-dimensional manifold.

Theorem 14.2 ([Sta61]) Ifu € H'(M;Z) — {0}, then there is a fibration f: M —
St with [f*(d0)] = w, if and only if ker(u : 11 M — Z) is finitely generated.

We observe that the forward implication holds even for finite complexes
since the homotopy exact sequence identifies the kernel as the fundamental
group of the fiber.

Theorem 14.2 reduces the geometric problem of fibering M to an algebraic
problem, with only two practical complications. First, whenever dim H* (M; R) >|
1, there are infinitely many u to check. Secondly, it is difficult to decide if ker u
is finitely generated. An infinite presentation may be readily constructed by
the Reidemeister-Schreier process; this yields an effective procedure for de-
ciding if the abelianization of ker v is finitely generated (we work out an ex-
ample of this at the end of the chapter.)

Thurston’s theorem (theorem 14.6 below) helps to minimize the first prob-
lem and make Stalling’s criterion more practical. It will be seen that one need
only examine finitely many u, provided one can compute a certain natural
seminorm on H'(M;R).
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As HY(M;7) C H'(M;R) is a lattice of maximal rank, the seminorm will
be determined by its values on H'(M; 7). Each u € H'(M;7) is geometrically
represented by framed surfaces under the Pontrjagin construction [Mil66]. A
framed (that is, normally oriented) surface S represents u whenever there is
a smooth map f: M — S! with regular value z so that S = f~!(z) and
u = f*(d#). By irreducibility of M, any framed sphere in M represents the 0
class so S may be taken sphereless (that is, all components of S have Euler
characteristic < 0.)

sphereless

Definition. ||u|| := min{—x(S) | S is a sphereless framed surface representing u }}

It is important to observe that a sphereless framed surface S in M, with
|lul| = —x(S), must be incompressible (that is, for each component S; C
S, m1(S;) — m M is injective.) For (see Kneser’s lemma [Sta71]), one could
otherwise attach a 2-handle to S; so as to lower —x(S) without introducing
spherical components.

The justification for the notation ||u|| is the following result.

Theorem 14.3 ([Thu86)) ||u|| is a seminorm on H'(M;Z).

This follows from standard 3-manifold techniques. The triangle inequality
follows from the incompressibility of minimal representatives and some cut-
and-paste arguments. The homogeneity follows by the covering homotopy
theorem for the cover z": S — S'.

One instance where ||u| is easily computed is where u is represented by
the fiber K of a fibration f: M — S'. We have:

Proposition 14.4 ((Thu86]) If K — M-15S" is a fibration, then ||[f*(d6)]|| =
—X(K).

Proof. By homogeneity we may suppose that u = [f*(d#)] is indivisible, that
is u(m M) = m S’ This implies that K is connected and that K x R is the
infinite cyclic cover of M determined by u. If K is a torus we are done, so
assume —x(K) > 0. Any sphereless framed surface S representing w lifts to
K x R, since for any component Sy C S we have m Sy C keru = m K. If
—x(S) = ||ul|, then S is incompressible and 7159 — 71 (K x R) = m(K) is

incompressible
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injective. Since subgroups of m; K of infinite index are free, we see that Sy is a
finite cover of K, hence ||lu| = —x(S) > —x(So) > —x(K), as desired. |

In fact, we see that any sphereless framed surface S representing v with
minimal —x(S) is homotopic to the fiber K.

The behaviour of || || is decisively determined by the fact that integral
classes have integral seminorms. We will show:

Theorem 14.5 ([Thu86]) A seminorm || ||: Z" — 7Z extends uniquely to a semi-
norm ||||: R™ — [0,00). A seminorm on R" takes integer values on Z" < ||z| =
max |¢(x)|, where F' C Hom(Z",Z) is finite.

€

This enables us to state Thurston’s description of the cone C of nonsingular
classes, C C H'(M;R) — {0}.

We will consistently use certain natural isomorphisms of the homology
and cohomology groups of M. By the Universal Coefficient Theorem, H* (M; 7) =
Hom(H;(M;7);7) and Hy(M;Z)/torsion = Hom(H!(M;Z); Z). With real co-
efficients, H'(M;R) and H;(M;R) are dual vector spaces for any i. By Poincaré
Duality, we may identify H?(M;Z) with Hy(M;Z). Thus we regard the Euler
class x5 of a plane bundle F on M, which is usually taken to be in H?(M;Z),
as an element of H;(M;Z) and thus as a linear functional on H!(M;R).

Theorem 14.6 ([Thu86]) C is the union of (finitely many) convex open cones in
int(7T;), where T; is a maximal region on which || || is linear. The region T; containing
a given nonsingular 1-form wis Ty = {u € HY(M;R) | |lu|| = —xr(u)} where x
is the Euler class of the plane bundle F' = ker w.

Note. When || || is a norm, we may say that C is all vectors v # 0 such that
v
TToll

dentally, we have that || || is a norm <= all T? C M separate M <= all
incompressible T? C M separate M.

belongs to certain “nonsingular faces” of the polyhedral unit ball. Inci-

We give our own analytic proof of theorem 14.5.
Proof. Clearly ||| extends by homogeneity to a seminorm || || on Q". This
function is Lipschitz, hence has a unique continuous extension to a function
R™ — [0, oo[. The triangle inequality and homogeneity follow by continuity.
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By convexity, all one-sided directional derivatives of N(z) = |z| exist.
Suppose 7 = (0, %p), q € 2", p=(p2,...,pn) € Z" ! is a rational point. For
integral m, we compute

0N N 1 - N
+ (7_) — llm (T + /qm 61) (7—)
0x1 m—00 1 /qm

= lim (N(1,mp2,...,mpy) — N(O,mps,...,mpy))

m—00

A

since Z is closed.

By induction on n, we assume that N(0,Z), Z € R"!, is given by the
supremum of finitely many functionals ¢(z) = asza+- - -+antyn, a2,...,a, €
Z,T = (x2,...,z,). By convexity, any supporting line L to graph(N) C R" xR
lies in a supporting hyperplane H (supporting means intersects the graph
without passing above it.) We choose 7 a rational point for which N|0 x R"~!
is locally given by ¢ and choose L to pass through (0,z, N(0,z)) € R” x Rin
the direction of (1,0, %—IN (0,7)). Then we see that H is uniquely determined
as the graph of (%*TJIV(O, Z))z1 + aexa + - - - + apxy. So for a dense set of z, the
graph of N has a supporting functional at (0, ) with integral coefficients.

Reasoning for each integrally defined hyperplane as we have for {z; = 0},
we find integral supporting functionals ¢(z) = a1z1 + -+ + anzn, a; € Z, to
the graph of N exist at a dense set in R". Since N is Lipschitz, there is a bound
la;| < K, i =1,...,n. Thus the supporting functionals form a finite set £,
so S(z) = sup|l(z)| is clearly a seminorm. But S(z) < N(z) and equality

leF

holds on a dense set, implying that S(z) = N(z) by continuity. |

Before giving the proof of theorem 14.6, let us observe one elementary con-
sequence of theorem 14.5. Since || || is natural, any diffeomorphism h: M —
M induces an isometry h* of H'(M;R). If || || is a norm, then the finite set of
vertices of the unit ball spans H'(M;R) and is permuted by h*.

Corollary 14.7 Ifall incompressible T?> C M separate M, then the image of Diff(M)
in GL(H'(M;R)) is finite.

Proof. Suppose w,w’ are nonsingular closed 1-forms that are C° close. Then
the oriented plane fields F' = kerw, F' = kerw' are homotopic and so deter-
mine the same Euler class x» = xr € Hi(M;R).

supporting
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If [w'] is rational, let ¢[w'] = B’ € H'(M;Z), where 0 < ¢ € Q and 3’ is
indivisible. Then if K’ is the (connected) fiber of the fibration associated to qu’,
we have x(K') = xp(K') = xr(K'). Using this and proposition 14.4, we find
]| = %(—X(K’)) = —%XF(K’) = xr[w']- Thus for all rational classes [w']
near [w], ||| is given by the linear functional —x . This show that || || agrees
with —xr on a neighborhood of any nonsingular class [w], as desired.

It only remains to show that every « € int(7T’) is a nonsingular class, where
T = {a € HY(M;R) | |la|| = —xr(a)} is the largest region containing [w] on
which || || is linear.

For this, we need a result of Thurston’s thesis [Thu72] concerning the iso-
topy of an incompressible surface S C M when M is foliated without “dead
end components”. In fact, this result is only explicitly stated for tori, and one
must see [Rou73] for a published account of this case. Restricting our atten-
tion to the foliation F defined by w (F is tangent to kerw = F), we may
state this result as follows: any incompressible, oriented and connected sur-
face Sy C M with —x(Sp) > 0 may be isotoped so as to either lie in a leaf of F
or so as to have only saddle tangencies with F. (We call a tangency point s of
So with F a saddle if for some open ball B around s, the map ff w: BNSy — R
has a non-degenerate critical point at s which is not a local extremum.)

Suppose « € TNHY(M;7) is not a multiple of [w]. Represent a by a framed
sphereless surface with —x(S) = ||a||. As S is incompressible, each compo-
nent of S may be isotoped (independently) to a surface .S; which either lies in
a leaf of F or has only saddle tangencies with F. If some S; lies in a leaf L of
F, then (as in proposition 14.4) 7, S; would be of finite index in 7 L = ker[w].
Since 71 S; C ker a, we would find that « is a multiple of [w]. Thus each S; has
only saddle tangencies with F.

Lemma 14.8 For each i, the normal orientations of S; and F agree at all tangencies.

Proof. We compute ||«|| in two ways. First, [|a| = —x(S) = >, —x(S;) Choos-
ing some Riemannian metric on M, we may use the vector field V; on S; dual
to w|S; to compute —x(S;). V; will have only non-degenerate zeroes of in-
dex —1, since all tangencies are saddles. The Hopf Index theorem [Mil66]

gives —x(S;) = n;, where n; is the number of tangencies of S; with F. Thus

] = X2 .
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On the other hand, we know that a € T implies ||a|| = —xr(c). The nat-
ural normal orientations of F' and S gives us preferred orientations on F' and
Si, for each 4. Each oriented plane bundle F'|S; has an Euler class x r(S;)[S;]
where [S;] € H?(S;; Z) is the orientation class. We compute x(95;) as the self-
intersection number of the zero section of F'|S;. For the purpose, look at the
tield W; of vectors on S; tangent to F, which are the projection onto £ of the
unit normal vectors of S;. Regarding W; as a perturbation of the zero section
of F'|S;, we compute the self-intersection number using the local orientations
of F and S;. When these orientations agree, one counts the singularity as —1
(just as in the tangent bundle case already considered) but when the orien-
tations disagree one counts +1. Thus —xx(S;) = n;” — n;, where n; is the
number of tangencies at which the orientations agree and n; is the number
of tangencies at which the orientations disagree. Thus |lo| = Y. n/ — n; .

Since n; = n +n;, wehave Y. ni +> n; = |laf| = Y. n/ =Y n;, whence
all the nonnegative integers n;” must be zero. This proves the lemma. |

Because of the lemma, we may define a framing N; of S; with w(N;) > 0
everywhere. This framing may be extended to a product neighborhood struc-
ture on U; D S;, where h: S; x [—1,1] — U; is a diffeomorphism, h*(%) =N;
onS; = S; x 0and w(h*(%)) > 0. Let B: [-1,1] — [0, 00] be a smooth func-
tion vanishing on |z| > § with fj'll B = +1. Letting n; = (m2h~1)* Bdt we find
that, forall s > 0, (w + sni)(h*%) > 0 on U. But since w + s7; = w away from
U, we see that the closed 1-form w + s7; is nonsingular.

The portion of theorem 14.6 already proven gives [w + s7;] € int T". Thus,
(i) = Jim [‘”J’—:m] € T N HY(M;2z), for all i. So replacing [w] by [w] + s1[m] +
.-+ si_1[ni—1], we see inductively that [w] + s1[n1] + - - - + si[7;] is nonsingular
for all si,...,s; > 0. In particular, for all s > 0, [w] + s = [w] + s> _[ni] is
nonsingular.

We just showed that if § = [w] € int T is a nonsingular class, then 5+ s« is
nonsingular forall « € TNH'(M;Z) and s > 0. Now consider an arbitrary y €
int T, v # (. By convexity we may find vy,...,vq € int7, d = dim H'(M;R),
so that v is in the interior of the d-simplex spanned by 3, v1,...,vq. We may
choose vy, . .., vq rational, say v; = %aj, some N € Z*1, a; € int TNHY(M;7).
We have v = ¢ + Z;-lzl tjaj, with all ¢; > 0. By induction on k, we see that
each ( + Z?Zl(tj /to)a; is nonsingular. Setting £ = d and multiplying by
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to > 0, we see that v is nonsingular as well. Thus if one point 5 € int T is
nonsingular, all v € int 7" are nonsingular. |

We will sharpen Thurston’s theorem 14.6 in the case when m is atoroidal
(contains no incompressible imbedded tori) and H!(M; Z) % 7. We show (the-
orem 14.11) that a nonsingular face 7’ (i.e., one containing a nonsingular class)
of the unit || ||-ball determines a canonical flow ¢;: M — M such that int T’
consists precisely of all [w] where w is a closed 1-form with w(%) > 0. We
must begin by relating the atoroidal condition to Thurston’s classification of
surface homeomorphisms.

We suppose f: M — S is a fibration. Then flows ¢ for which % f(pym) >
0 (we will only consider flows having a continuous time derivative) deter-
mine an isotopy class of surface homeomorphisms. For any k € K = f~1(1),
we consider the smallest time T'(k) > 0 for which 97 (k) € K. This map
T(k): K — (0,00) is smooth (since the flow lines of ¢ are transverse to K)
and the return map R(k) = 1 ()(k) is a homeomorphism. By varying 1, we
obtain an isotopy class of homeomorphisms of the fiber K as return maps;
this isotopy class will be called the monodromy of f and denoted m(f).

We remark that the monodromy of f is determined algebraically by the co-
homology class 3 = f*[df] € H'(M;Z), or equivalently by the map f.: 7/ M —
m1St. First assume that 8 is indivisible. From the exact homotopy sequence
l—mK—mM i>7r151—>1, we see that 7 M is the semidirect product
m K Xq Z, where « is the outer automorphism of m; K determined by the
monodromy of f. Thus m K (= ker f,) and « are determined by f. alone.
Clearly the topological type of K is determined by m; K; but Nielsen also
showed that isotopy classes in Diff(K) correspond 1-1 to outer automorphisms
of m; K. In general, § = nf' is a positive integer multiple of an indivisible class
f', and n is determined by coker f, = Z/nZ. We see that the fiber of f consists
of n copies of K (where m; K = ker f,) which are permuted cyclically by the
monodromy. The nth power of the monodromy preserves K and acts on 71 K
by « (the outer automorphism of ker f,.) Thus we may unambiguously speak
of the monodromy of a nonsingular class 3 € H!(M; 7).

We say that the monodromy m(f) of a fibration f: M — S! is pseudo-
Anosov if the isotopy class has a pseudo-Anosov representative R. This rep-
resentative is then uniquely determined within strict conjugacy, that is for
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any two pseudo-Anosov representatives Ry, Ry € m/(f) there will be a hom-
eomorphism g isotopic to the identity for which Ryg = gR;.

Proposition 14.9 Suppose that H*(M; %) # Z. Given a fibration f: M — S', M
is atoroidal precisely when the monodromy m(f) is pseudo-Anosov and the fibers of
f are not composed of tori.

Proof. Suppose M contains an incompressible torus S and let F be the fo-
liation of M by the fibers of f. Again using the result of Thurston’s thesis
discussed in the proof of theorem 14.6 [Rou73, Thu72], we may isotope S to
either lie in a leaf of F or to be transverse to F (since x(S) = 0, the presence
of saddle tangencies would force there to be tangencies of other types.) If S
does lie in a leaf, then the fibers of f are composed of tori parallel to S. If the
torus S is transverse to F, then one may define a flow ¢ on M that preserves
S and satisfies %(f o 1) = 1. Thus the return map ¢, : K — K, K = f (1),
preserves the family of curves S N K. Since S is incompressible, each of those
curves is homotopically nontrivial in K. If the monodromy of f were pseudo-
Anosov, these curves would grow exponentially in length under iteration by
1. So we see that when m(f) is pseudo-Anosov and the fibers of f are not
unions of tori, then M must be atoroidal.

Conversely, when the fibers of f are unions of tori, these tori are essential.
So we assume the components of the fibers have higher genus and that the
monodromy is not pseudo-Anosov (hence reducible or periodic) and look for
an incompressible torus. If m(f) is reducible, we may construct ¢ with % (fo
) = 1 for which ¢; cyclically permutes a family of homotopically nontrivial
closed curves C C K. Then {¢,C} is an incompressible torus. If m(f) has
period n, after Nielsen (see exposé 11), we may choose ) with % (foty) =1
for which ,, = identity. Thus M is Seifert fibered. One may easily compute
that H'(M;Z) = 729t1, where g is the genus of the topological surface which
is the orbit space of 1 [Orl72]. As we assumed H'(M;Z) # 7, we must have
a homologically nontrivial curve in this orbit space which corresponds to an
incompressible torus in M. |

We may consider flows transverse to a fibration over S! from three view-
points. The first is to begin with the fibration and produce transverse flows
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and an isotopy class of return maps. The second is to begin with a homeo-
morphism R: K — K and produce a fibration over S! with fiber K and a
transverse flow ¢ with return map R. This is the well-known mapping torus
construction, for which one sets X = K x [0,1]/(k,1) = (R(k),0), f: X —
([0,1]/0 = 1) = S the natural fibration and defines 9 to be the flow along the
curves k x [0, 1] with unit speed. Clearly 4 |K x 0 = R is the return map of
1, as desired. This flow 1) is called the suspension of R. The third viewpoint
is to begin with a flow 1 on X and to seek a fibration f over S* to which v
is transverse — a fiber K is called a cross-section to 1. Note that K and v
determine the return map R and an isotopy class of fibrations f.

In general, one has little hope of finding cross-sections, since many man-
ifolds don’t fiber over S! at all. But there is a classification of the fibrations
transverse to ¢ which is especially concrete in the case of interest to us now.

Suppose that some cross-section K to a flow ¢ has a return map R: K —
K admitting a Markov partition M = {S1,...,S,,} (see exposé 10 — the case
we need is when R is pseudo-Anosov). There is a directed graph with vertices
Si,...,Sm and arrows S; — S; for each ¢ and j for which R(S;) meets int(S;).
A loop / for M is a cyclic sequence of arrows S;;, — S;, = --- = S;, = Si,.
Each loop ¢ determines a periodic orbit for R and thus a periodic orbit v(¢)
for ¢. If all of 41, ..., are distinct, we call  minimal. There are only finitely
many minimal loops £.

We now discuss the classification and existence of cross-sections to flows.
Given a flow ¢/ on a compact manifold X there is a nonempty compact set of
homology directions Dy, C H;(X;R)/RT, where the quotient space is topolo-
gized as the disjoint union of the origin and unit sphere. A homology direc-
tion for ¢ is an accumulation point of the classes determined by long, nearly
closed trajectories of 1. We note that when K is a cross-section to v, K is
normally oriented by 1 and so determines a dual class v € H!(X;Z). Let
Cy () := {u € HY(X;Z) | u is dual to some cross-section K to 9}.

Theorem 14.10 ([Fri82b, Fri76]) C7, = {u | u(Dy) > 0}. If ¢, as above, has a
cross-section K and the return map R admits a Markov partition M, then Cy(¢) =
{u | u(y(£)) > 0 for all minimal loops ¢ for M}.

Thus Cy(1) consists of all lattice points in a (possibly empty) open convex
cone Cgr(¢) := {u | u(Dy) > 0} C HY(X;R) — {0}. It follows easily from
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theorem 14.10 that Cg(¢) = {[w] | wis a closed 1-form with w(%) > 0}.

Returning to our discussion of three-manifolds, we call a flow ¢ on M
pseudo-Anosov if it admits some cross-section for which the return map is
pseudo-Anosov. We now describe the cross-sections to pseudo-Anosov flows,
and show they are uniquely determined by their homotopy class among non-
singular flows on M.

Theorem 14.11 Suppose M fibers over S'. Then each flow 1 on M that admits a
cross-section determines a nonsingular face T(1) for the norm || || on H'(M;R).
Here T(¢) = {[lull = —xyr(u)} and Y+ denotes the normal plane bundle to the
vector field %. One has Cg (¢) C int T'(¢)).

For any pseudo-Anosov flow ¢ on M, Cr(¢) = int T'(¢).

The face T () (or the class x ,.) determines the pseudo-Anosov flow ¢ up to strict
conjugacy. Thus any nonsingular face T on an atoroidal M with H'(M;Z) # Z
determines a strict conjugacy class of pseudo-Anosov flows.

Proof. For u € Cy(¢), there is a cross-section K to ¢ dual to u. We have
|u|| = —x(K), by proposition 14.4. Since the restriction 1| K is the tangent
bundle of K, we have —x(K) = —x,.(u). Thus —x,. is a linear functional
on H!'(M;R) that agrees with || || on C 7(¢) and the first paragraph of theo-
rem 14.11 is shown.

We now observe

Lemma 14.12 Any cross-section K to a pseudo-Anosov flow ¢ on M will have
pseudo-Anosov return map Ri.

Proof. By definition, there is some cross-section L to ¢ with pseudo-Anosov
return map Ry, but K and L will generally not be homeomorphic (one calls
return maps to distinct cross-sections flow-equivalent.) In any case, any struc-
ture on L invariant under Rj, is carried over to a structure on K invariant
under Ry under the system of local homeomorphisms between K and L de-
termined by ¢. This shows that Rx preserves a pair of transverse foliations
Fi and Fj with the same local singularity structure as a pseudo-Anosov
diffeomorphism.

We now show that the closure P of any prong P of Fi- or Fj. is the compo-
nent Ky of K which contains P. By passing to a cyclic cover M,, — M deter-
mined by the composite homeomorphism mi M — (mM/m Ky) =2 Z — Z/nZ

flow-equivalent
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and restricting to the cross-section Ky C M,, we may assume that K is con-
nected and that Ry leaves P invariant (choose n so that P is invariant under
R )- Consider the closed R, invariant subset {¢:P}N L = I.Since I contains
the closure of a prong for the pseudo-Anosov diffeomorphism R;, we know
that I is dense in some component Ly C L. As Ly is a cross-section to ¢, we
find that {¢; P} = M. As P is Ry invariant, we find P = K as desired.

Similarly we can check that the foliations 7} and Fj have no closed
leaves.

It follows by the Poincaré-Bendixson theorem that each leaf closure con-
tains a singularity, and thus a prong. So we find that all leaves of 7}, and F-
are dense in their component of K.

We may see from this density of leaves and the fact that the local stretching
and shrinking properties of Rx are the same as those of R;, that the Markov
partition construction of exposé 10 works for Rg. (It is easiest to construct
birectangles for R by “analytic continuation” from immersed birectangles
in L. This makes sense because K and L have the same universal cover.) As
in the Anosov case [RS75], the Parry measures for the one-sided subshifts of
finite type associated to M push forward to give transverse measures on F}-
and Fj that transform under Rx by factors AI}I and Ak, for some A\ > 1.
As leaves are dense, these measures have positive values on any transverse
interval but vanish on points. Thus R is pseudo-Anosov. |

Now suppose that ¢! and ¢? are pseudo-Anosov flows on M for which
Cr(¢') intersects Cg (¢?). Then we may choose u € Cg(¢')NCr(¢*)NH(M; Z)
and find fibrations f;: M — S* with &(f; 0 ¢}) > 0and u = [f(df)], i = 1,2.

As discussed earlier, u determines m(f;). This gives a homeomorphism
h: M — M such that f; o h = f; where h acts on 7 M by the identity. Thus
h is isotopic to the identity [Wal68]. Hence, by this preliminary isotopy, we
assume f; = fy = f and denote the fiber by K.

Each ¢’ determines a return map R;: K — K. By the lemma above, these
R; are pseudo-Anosov. Since the maps R; are in the same isotopy class h(f),
they are strictly conjugate by the uniqueness of pseudo-Anosov diffeomor-
phisms (exposé 12).

Now suppose that gR; = Rg, with g isotopic to the identity. Then the
map Co: M — M defined by Cy(¢lk) = (¢?gk), k € K,0 < s < 1,is a
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homeomorphism conjugating flows ¢! and ¢? and f o Cy = f. As Cy|K = g
is isotopic to the identity, Cy may be isotoped to C| where f o C; = f, for
t € [0,1] and C; fixes K. Since Diff K is simply connected [Ham66], we may
isotope C to the identity C (through C; satisfying f o C; = f, ¢ € [1,2].)

We have shown so far that if ¢ are pseudo-Anosov flows, i = 1,2, then
either Cy (¢') equals Cyz(¢?) or is disjoint from it, since conjugating a flow by
conjugacy isotopic to the identity doesn’t affect Cy. It follows easily that the
open cones Cg(¢') and C (¢?) are either disjoint or equal.

Now suppose that ¢ is pseudo-Anosov but C(¢) is a proper subcone of
int T'(¢). By theorem 14.10, Cg(¢) is defined by linear inequalities with inte-
ger coefficients, and so there is an integral class v € int7 N ICR(¢). Then u
is nonsingular (theorem 14.6), the fibration corresponding to u has pseudo-
Anosov monodromy (proposition 14.9) and one obtains an Anosov flow 1
with v € Cg(v). This shows that Cg() and Cg(¢) are neither disjoint nor
equal, contradicting the previous paragraph.

Thus we see that pseudo-Anosov flows satisfy C(¢) = int T'(¢). |

Theorem 14.11 shows that pseudo-Anosov maps satisfy an interesting ex-
tremal property within their isotopy class. Suppose ho: K — K has suspen-
sion flow 9{: M — M, where we take K connected and dual to the indivisi-
ble class u € H'(M; 7). Given an isotopy h; starting at hy, we may deform 7°
through flows ¢* with cross-section K and return map h;. We regard u (1)
as a subset of H;(M;R)/R* and note that we always have Dy C u='(1). By
the Wang exact sequence:

Hy (K R)""5H, (K R)— Hy (M R)—S5R—0,

we may identify ! (1) with u~1(0) = coker(hg, — Id) by some fixed splitting
of u. Whenever hy, = h;, the simple connectivity of Diff K [Ham66] implies
that Dys = Dy:. Thus we may unambiguously associate a set of homology
directions Dy, C coker(hg, —Id) to homeomorphisms & isotopic to hy. Now as-
sume hy is pseudo-Anosov. By theorem 14.11, we have C(¢*) C int T'(¢*) =
int T(4°) = Cr(¢°). Thus we find, using theorem 14.10, that the convex hull
of Dy, (which may be identified with the asymptotic cycles of 1° in this situa-
tion [Fri82a, Sch57]) always contains the convex polygon determined at s = 0.
Thus we may say that pseudo-Anosov diffeomorphisms have the fewest gen-
eralized rotation numbers in their isotopy class.
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We may analyze the topological entropy of the return-maps Ry of the
various cross-sections K to a pseudo-Anosov flow C. We parameterize these
cross-sections K by their dual classes u € H'(M;Z) and define h: Cyz(¢p) —
(0,00) by h([K]) = h(Rk), the topological entropy of Rx. We showed in
[Fri82a] that 1/h extends uniquely to a homogeneous, downwards convex
function 1/h: Cr(¢) — [0,00] that vanishes exactly on dCg(¢). Thus h(u)
may be defined for all v € H'(M;R) in a natural way. The smallest value
of h on int T N {|ju|| = 1} defines an interesting measure of the complexity
of ¢ (or equivalently, by theorem 14.11, of the face T' = T'(¢)). The integral
points at which 4 is the largest give the “simplest” cross-section to the flow ¢
(see [Fri82a]).

If one is given a pseudo-Anosov diffeomorphism ~: K — K and a Markov
partition M for h, theorems 14.10 and 14.11 give an effective description of
the nonsingular face 7' determined by the suspended flow ¢;: M — M of
h, in terms of the orbits corresponding to minimal loops. As the computa-

tion of minimal loops in a large graph is difficult, we observe that there is a
more algebraic way of using M to obtain a system of inequalities defining
T. (We refer the reader to [Fri82a] for details, where we used this method
to construct a rational zeta function for axiom A and pseudo-Anosov flows.)
For sufficiently fine M, we may associate to M a matrix A with entries in
H,(M;Z)/torsion = H. The expression det(I — A), regarded as an element
in the group ring of the free abelian group H, may be uniquely written as
1+ > aigi, gi € H— {0}, a; € Z — {0}, g; distinct. Then 7' is defined by the
inequalities u(g;) > 0.

To illustrate Thurston’s theory, it is convenient to work on a bounded M?3.
The norm considered above can be extended to such M by omitting spheres
and discs before computing the negative Euler characteristic. One should re-
strict to the case where 0M is incompressible, and then theorems 14.2 and
14.6 and proposition 14.4 extend [Hem?76, Thu86].

We let K be the quadruply connected planar region and 5 the indicated
composite of the two elementary braids (figure 14.1) which fixes the outer
boundary component. We will let M be the mapping torus of h and compute
|| [|. Rather than finding a pseudo-Anosov map isotopic to h, which would
only help compute one face, we will instead compute ker(u: m M — Z) for
several indivisible u € H'(M;Z). When this kernel is finitely generated, the-
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Figure 14.1:

orem 14.2 shows u is nonsingular and proposition 14.4 enables us to compute
||u||. From a small collection of values of || ||, theorem 14.6 allows us to deduce
all the others, indicating the existence of nonsingular classes that would be
hard to detect using only theorem 14.2.

We first compute 7 M = 7 K X Z. Writing 71 K as the free group on the
loops a, # and y shown in the diagram, we find:

mM = <a,ﬂ,%t ‘ tlat =7, 7' Bt =7 lay, tT Iyt = (v‘lav)ﬁ(v‘lav)_l>
= <a,6,%t ‘ ttat =, t Bt =7""ay, vt = 5tﬁ>
= <%t (ty ttyt'y)? = v(tvfltvflv)t> :

Abelianizing gives H,(M;Z) = Zvy & Zt. Suppose u € H*(M;7Z) is indivisible,
so that a = u(y) and b = u(t) are relatively prime. The Reidemeister-Schreier
process gives a presentation for ker(u: m M — Z) (essentially by comput-
ing the fundamental group of the infinite cyclic covering corresponding to u)
which is very ungainly for large a. When a = 1, one finds the relatively simple
expression:

-1 -1 -1
keru = <ti Litivo—1t; Ty tivot1 tivanlyyop 1 = tit1 tivnt; Lpry ti+b+2> .

For b > 1, this relation expresses ¢; in terms of ¢;1, ..., t;12+1 and expresses
tivops1 in terms of ¢;,...,¢;49. Thus kerw is free on ty,...,t9;. Similarly,
if b < —1, then keru is free on t1,...,t1_9 and if b = 0, then keru is free
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on t1,t9,t3. If b = +1, however, one may abelianize and obtain (ker u)ab =
Z[t, t1]/(2t3 — 3t + 3t — 2) which maps onto the collection of all 2"th roots
of unity, and so ker u is not finitely generated.

By theorem 14.2 (Stallings), there is a fibration for v = (1,b) when b # £1,
with fiber K, satisfying 71 (K,) = ker u. By proposition 14.4, ||u|]| = —x(K4),
which is clearly

120 b>1,b€Z

_1+rank(H1(Ku)):{ 2 b=0

We will see that these values determine || || completely. Using the dual
basis to (v, t), we know that:

20 b>1,b€eZ
Lb)| =
Iab)l { ¥y .2,

But [|(1, )| is a convex function f of b by theorem 14.3 and it takes integer
values at integer points. By convexity, f(1) must be 2 or 3. Were f(1) = 3,
convexity would force

f(z) 24+2 for0<z<2
€T =
2z forxz > 2

and then (1,2) would not lie in an open face of the unit ball, contradict-
ing theorem 14.6. Thus one must have f(1) = 2, and likewise, f(—1) = 2.
By convexity, we find f(z) = max(|2z|,2). Homogenizing shows ||(a,b)| =
max(|2al, [2b]), i.e., [[ul] = max(Ju(2y)], ju(20))).

By theorem 14.6, u € H'(M;R) is nonsingular <= |u(y)| # |u(t)|.

This example embeds in a larger one, constructed with the mapping torus
M, of the transformation k> (M is a triple cyclic cover of M). H,(My;Z) is
free abelian on «, 3,7,t, so there is a norm on H'(Mj; R) whose restriction
to HY(M;R) = {u € H' (My;R) | u(a) = u(B) = u(y)} is 3| ||. We leave its
computation as an exercise.



Chapter 15

A presentation of the group of diffeotopies of
a compact, orientable surface.

by E. Laudenbach
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Appendix A

The “pair of pants” decomposition of a
surface.

by A. Fathi

In the first section, we will give a proof of the inequality used in the proof of
theorem 4.4. In the second part, we apply this inequality to modify by a twist
a pair-of-pants decomposition of the surface M.

First part:

We have a system «g, a1, ..., o of simple, mutually disjoint curves on
M. On the other hand, v is a simple curve whose intersection with each «;
is minimal (among curves isotopic to ). We are given positive integers n;.
We construct I' by making a positive twist along the «; operate on v, for j =
0,...,k. (The notion of positive twist does not depend on the orientation of
M.)

Proposition A.1 For each simple curve 3, we have the formula
([T, [81) an ([ leg]) - alle]s 18]) ] < o([v], [BD)

where “[ |” means “isotopy class of”.

Proof. For such a curve I as described, T" coincides with - outside of tubular
neighbourhoods of «;. The position of I" and y with the [???] endpoints of
a common arc is shown in figure A.1. Thus I' is approximable by a curve
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denoted by I'" which crosses once each interval [???] of I'N~y. This is due to the
fact that all of the twists are positive. By using the criterion of proposition 3.10,
we verify that card(y N I') = i([7], [T']).

\

Figure A.1:

We observe that yNI" is the image of a continuous map, definedon ) -, n; -
i([v], [ej]) copies of S', n; - i([y], [j]) copies of S! going in the free homotopy
class of [«]. Thus, we have the inequality

card(BN (YUI") 2 ) n; - i([7], [ey]) - i([exs], [B])-
i

If 5 does not pass through the points of intersection of y with I/, we have
card(8 N (yUT)) = card(B8 N ) + card(8 N TY).

If we take for § a geodesic of a metric of curvature —1 for which v and I are
geodesic (such a metric exists by proposition 3.10), we have

card(8 N (yUT")) = i([T], [8]) +i([v], [B)-

which gives one of the desired inequalities.
It remains to prove that

([ [6)) < an ~i([7] [eg]) - (e, 18D) - ([, [

Here we use the representative I' rather than I''. We chose /3 in minimal posi-
tion with respect to the a;; and not passing through the points of intersection
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of v with «;. Each times that 3 cuts o, 8 crosses the corresponding tubular
neighbourhood. It thus gives n; - i([y], [;]) points of intersection with I". We
therefore get

card(I' N ) = card(B0y) + 3 _m; - i1 [ag]) - i([es), 18))-

J

If, additionally, 8 has minimal intersection with v, we have card(8 Nvy) =
i([v], [B]); the left side is always greater that or equal to i([['], [4]). |

Second part:

Let M be a closed surface of genus g > 1. Let K = {K},..., K353} bea
system of simple, mutually disjoint curves on M with the following proper-
ties:

1. K;is [222];

2. If one cuts M along these curves, one obtains (29 — 2) pairs-of-pants
(disks with two holes).

We can easily construct a simple curve a which cuts every Kj in an es-
sential way: i([a], [K;]) # 0. Let ¢ be a diffeomorphism of M, which is equal
to the identity outside of a tubular neighbourhood of «, and coincides with a
single Dehn twist in the collar. We set

Clearly, the system K’ = {K], ..., K3, 3} possesses the properties (1) and (2).
Proposition A.2 For all j, k, we have
i([K;], [KG]) #0

Proof. From the inequality of proposition A.1, it follows that

i([K3 ] KG]) = i[Kx], [a]i((el], [K;])| < i((Kel, [K;]) = 0

Remark:We may take a with i([c], [K;]) = 2 forall j. We then obtain i([K} ], [K;]) =]
4 for all j, k.



Appendix B

Spines of manifolds of dimension 2

by V. Poénaru

Let N be a compact, connected manifold of dimension 2, with a non-empty
boundary. If N is triangulated and if L; C Ly C N are two sub-complexes, we
say that we pass from L; to Ly by a dilatation of dimension n fi there exists
an n-simplex 7 of N and a face 7’ of 7 such that

LQ—Ll —intT—intTl

(here int designates the open cell.) The inverse passage is called collapsing.
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Appendix C

Explicit formulas for Measured Foliations

by A. Fathi
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Appendix D

Estimates of hyperbolic distances

by A. Fathi
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